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THEORY OF MACHINES

Machine: A machine is a device which receives energy in some available form and
utilizes/transforms it to do some particular type of work.

or

It is the assembly of resistant bodies or links whose relative motions are successfully
constrained so that available energy can be converted into useful work.

Example: Lathe, Shaper, Scooter etc.

Structure: It is an assemblage of a number of resistant bodies (known as members)
having no relative motion between them and meant for carrying loads having straining
action.

Example: A railway bridge, a roof truss, machine frames etc.

Difference between a Machine and a Structure:

Machine Struecture

e There i1s relative motion e There is no relative
between its me mbers. motion between them.

e [t converts available e [t does not convert the
energy into useful work: available energy into

e Members are meant to useful work.
transmit motion and » MNembers are meant to
forces. take up loads only.

e Example : car, lathe etc.. e Example : bridge, frames,

buildings etc..

Theory of Machines: It may be defined as that branch of Engineering-science, which
deals with the study of relative motion between the various parts of a machine, and
forces which act on them.

Branches of Theory of Machines: It may be sub-divided into the following four
branches:

a) Kinematics: 1t deals with the relative motion between the various parts of the
machines.

b) Dynamics: 1t deals with the forces and their effects, while acting upon the machine
parts in motion.

¢) Kinetics: 1t deals with the inertia forces which arise from the combined effect of the
mass and motion of the machine parts.

d) Statics: It deals with the forces and their effects while the machine parts are at rest.
The mass of the parts is assumed to be negligible.

Fundamental Units: Every quantity is measured in terms of some arbitrary, but
internationally accepted units, called fundamental units.
1
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1. Length (L or 1), 2. Mass (M or m), and 3. Time (t).

Derived Units: Some units are expressed in terms of fundamental units known as
derived units, e.g., the units of area, velocity, acceleration, pressure, etc.

Systems of Units: It may be defined as the growth of ideas through observation and
experimentation.

1. C.G.S. units, 2. F.P.S. units, 3. M.K..S. units and 4. S.I. units.

Density (mass density) kg/m?
Force N (Newton)
Pressure Pa (Pascal) or N/m? ( 1 Pa= 1 N/m°)
Work. energy (in Joules) 1J=1N-m
Power (in watts) Il W=1J/s
Absolute viscosity kg/m-s
Kinematic viscosity m-/s
Velocity m/s
Acceleration m/s>
Angular acceleration rad/s’
Frequency (in Hertz) Hz

Force: It may be defined as an agent, which produces or tends to produce, destroy or
tends to destroy motion.

Resultant Force: If a number of forces are acting simultaneously on a particle, then a
single force, which will produce the same effect as that of all the given forces, is known
as a resultant force.

a) Parallelogram law of forces: It states, “If two forces acting simultaneously on a
particle be represented in magnitude and direction by the two adjacent sides of a
parallelogram taken in order; their resultant may be represented in magnitude and
direction by the diagonal of the parallelogram passing through the point.”

b) Triangle law of forces: It states, “If two forces acting simultaneously on a particle
be represented in magnitude and direction by the two sides of a triangle taken in
order, their resultant may be represented in magnitude and direction by the third side
of the triangle taken in opposite order.”

¢) Polygon law of forces: It states, “If a number of forces acting simultaneously on a
particle be represented in magnitude and direction by the sides of a polygon taken
in order, their resultant may be represented in magnitude and direction by the closing
side of the polygon taken in opposite order.”

Scalars: Scalar quantities are those quantities, which have magnitude only, e.g. mass,
time, volume, density etc.

Vectors: Vector quantities are those quantities which have magnitude as well as
direction e.g. velocity, acceleration, force etc.
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Chapter-01: Simple Mechanism

1.1 Link, Kinematic Chain, Mechanism, Machine

Link or Kinematic Link or Element: Each part of a machine, which moves relative
to some other part, is known as a kinematic link (or simply link) or element.

For example, in a reciprocating steam engine

Flywheel

Cylinder  _picion Smallend ~ Connecting +r pig end
II Bearing mld ‘/f bearing
/ \ v o~ 4 Crank
.
X < Rem S
|l| Engine frame A
L Piston rod Crapk shaft

Fig. 5.1. Reciprocating steam engine.
Link-1: Piston, Piston Rod and Cross Head
Link-2: Connecting Rod with Big And Small End Bearings
Link-3: Crank, Crankshaft and Flywheel
Link-4: Cylinder, Engine Frame and Main Bearings

A link or element needs not to be a rigid body, but it must be a resistant body.
A body is said to be a resistant body if it is capable of transmitting the required forces
with negligible deformation.

Thus a link should have the following two characteristics:
1. It should have relative motion, and

2. It must be a resistant body.

Types of Links:

a) Rigid link: A rigid link is one which does not undergo any deformation while
transmitting motion.
Example: Deformation of a connecting rod, crank etc.. is not appreciable., they can
be considered as rigid links.

b) Flexible link: A flexible link is one which is partly deformed in a manner not to
affect the transmission of motion.
Example: Belts, ropes, chains and wires are flexible links and transmit tensile forces
only.

¢) Fluid link: A fluid link is one which is formed by having a fluid in a receptacle and
the motion is transmitted through the fluid by pressure or compression only.
Example: As in the case of hydraulic presses, jacks and brakes.
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Kinematic Pair: The two links or elements of a machine, when in contact with each
other, are said to form a pair. If the relative motion between them is completely or
successfully constrained (i.e. in a definite direction), the pair is known as kinematic
pair.

Types of Constrained Motions:

1) Completely constrained motion: When the motion between a pair is limited to a
definite direction irrespective of the direction of force applied, then the motion is
said to be a completely constrained motion.

Example: The piston and cylinder (in a steam engine) form a pair and the motion of
the piston is limited to a definite direction (i.e. it will only reciprocate) relative to
the cylinder irrespective of the direction of motion of the crank.

The motion of a square bar in a square hole as shown in Fig. 5.2.

Load
Square hole ~ Round hole %

j + & Shaft
|

’ ! t
i |
f Shaft ‘Z
Square bar Foot step bearing

Fig. 5.2. Square bar in a square hole. Fig. 5.4, Shaft‘in a circilar hale: Fig. 5.5. Shaft in a foot step bearing.

2) Incompletely constrained motion: When.the motion between a pair can take place
in more than one direction, then the motion is called an incompletely constrained
motion.

Example: A circular bar or shaft in a circular hole, as shown in Fig. 5.4, is an
example of an incompletely constrained motion as it may either rotate or slide in a
hole. These both motions have no relationship with the other.

3) Successfully constrained motion: When the motion between the elements, forming
a pair, is such that the constrained motion is not completed by itself, but by some
other means, then the motion is said to be successfully constrained motion.
Example: Consider a shaft in a foot-step bearing as shown in Fig. 5.5. The shaft may
rotate in a bearing or it may move upwards. This is a case of incompletely
constrained motion. But if the load is placed on the shaft to prevent axial upward
movement of the shaft, then the motion of the pair is said to be successfully
constrained motion.

The motion of an I.C. engine valve (these are kept on their seat by a spring) and the
piston reciprocating inside an engine cylinder are also the examples of successfully
constrained motion.

Classification of Kinematic Pairs:
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Kinematic pairs

’ | v

Relative motion between Contact between the Types of closure
the element element
(1) sliding pair (1) lower pair (1) self closed pair
(11) turning pair (11) higher pair (11) force-closed pair

(111) rolling pair
(1v) screw pair
(v) spherical pair
1. According to the type of relative motion between the elements:

(a) Sliding pair: When the two elements of a pair are connected in such a way that one
can only slide relative to the other, the pair is known as a sliding pair. A sliding pair
has a completely constrained motion.

Ex: The piston and cylinder, cross-head and guides of a reciprocating steam engine.

(b) Turning pair: When the two elements of a pair are connected in such a way that
one can only turn or revolve about a fixed axis of another link, the pair is known as
turning pair. A turning pair also has a completely constrained motion.

Ex: A shaft with collars at both ends fitted into a circular hole, the crankshaft in a
journal bearing in an engine, cycle wheels turning over their axles etc.

(c) Rolling pair: When the two elements of a pair are connected in such a way that one
rolls over another fixed link, thepair is known as rolling pair.

Ex: Ball and roller bearings are examples of rolling pair.

(d) Screw pair: When the two elements of a pair are connected in such a way that one
element can turn about the other by screw threads, the pair is known as screw pair.

Ex: The lead screw of alathe with nut, and bolt with a nut.

(e) Spherical pair: When the two elements of a pair are connected in such a way that
one element (with spherical shape) turns or swivels about the other fixed element, the
pair formed is called a spherical pair.

Ex: The ball and socket joint, attachment of a car mirror, pen stand etc.

2. According to the type of contact between the elements:
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(a) Lower pair: When the two elements of a pair have a surface contact when relative
motion takes place and the surface of one element slides over the surface of the other,
the pair formed is known as lower pair.

Ex: It will be seen that sliding pairs, turning pairs and screw pairs form lower pairs.

(b) Higher pair: When the two elements of a pair have a line or point contact when
relative motion takes place and the motion between the two elements is partly turning
and partly sliding, then the pair is known as higher pair.

Ex: A pair of friction discs, toothed gearing, belt and rope drives, ball and roller
bearings and cam and follower are the examples of higher pairs.

3. According to the type of closure between the elements:

(a) Self closed pair: When the two elements of a pair are connected together
mechanically in such a way that only required kind of relative motion occurs, it is then
known as self closed pair.

Ex: The lower pairs are self closed pair.

(b) Force closed pair: When the two elements of a pair are not connected mechanically
but are kept in contact by the action of external forces, the pair is said to be a force-
closed pair.

Ex: The cam and follower is an example of force closed pair, as it is kept in contact by
the forces exerted by spring and gravity.

Kinematic Chain: When the kinematic pairs are coupled in such a way that the last
link 1s joined to the first link to transmit definite motion (i.e. completely or successfully
constrained motion), it is called a kinematic chain.

If each link is assumed to form two pairs with two adjacent links, then the relations
are:

[=2p-4 i)

[-2 A1)

j:

B | Lad

Where (p): number of pairs, (1): number of links and (j): number of joints.

The equations (i) and (ii) are applicable only to kinematic chains, in which lower pairs
are used. These equations may also be applied to kinematic chains, in which higher
pairs are used. In that case each higher pair may be taken as equivalent to two lower
pairs with an additional element or link.

Example 1: Consider the arrangement of three links AB, BC and CA with pin joints
at A, BandC.
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Number of links, [=3

Number of pairs, p=3 3
and  number of joints, Jj=3 Link 3 Link 2
From equation (i), [=2p—4
or 3=2x3-4=2 . B
ie. LHS.>RHS. A ok

v i g Fig. 5.6. Arrangement of three links.
Now from equation (i), i

¥3=2=2

i
I
e | s
b
I
[
(=]

]
Lk
b | Lo
L

1.e. L.H.S.>R.H.S.

Since the arrangement of three links, as shown in Fig. 5.6, does not satisfy the
equations (7) and (7i) and the left hand side is greater than the right hand side, therefore
it is not a kinematic chain and hence no relative motion is possible. Such type of chain
is called locked chain and forms a rigid frame or structure which is used in bridges and
trusses.

Example 2: Consider the arrangement of four links A B, BC,CD and DA.

[=4, p=4,andj=4

From equation {1), =2p-4 C
-
4=2124-4=4 . J},-r" C
ie. LHS. =RHS. CTTrg Unk3
X 0/L Link 2
; 3 8/ Link 4
From equation (i), N ;!' - Hfl“
3 i Link 1 B
PP g vy By P,
43 2 X4-—2<4 Fig. 5.7. Arrangement of four hnks.
ie. L.H.5 =R.HA.

Since the arrangement of four links, satisfy the equations (i) and (i), therefore
it 1s a kinematic chain of one degree of freedom.

A chain in which a single link such as AD is sufficient to define the position of
all other links, it is then called a kinematic chain of one degree of freedom.

A little consideration will show that, if a definite displacement (say 0) is given
to the link AD, keeping the link AB fixed, then the resulting displacements of the
remaining two links BC and CD are also perfectly definite. Thus we see that in a four
bar chain, the relative motion is completely constrained. Hence it may be called as a
constrained kinematic chain, and it is the basis of all machines.

Example 3: Consider the arrangement of five links.
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[=5,p=5andj=5 D

From equation (i), \}&F Link 3
I=2p—4 or 5=2x35-4=6 E »
: 4%
<
ie. LHS.<RHS. Link 5
From equation (i), Link 2
o R W VT T -'
j_?j-“ or J—?}‘:J =55 & Link 1 B

) . . Fig. 5.8. Arrangement of five links,
ie. LHS <RHS.

Since the arrangement of five links, as shown in Fig. 5.8 does not satisfy the
equations and left hand side is less than right hand side, therefore it is not a kinematic
chain. Such a type of chain is called unconstrained chain i.e. the relative motion is
not completely constrained. This type of chain is of little practical importance.

Example 4: Consider the arrangement of six links. This chain is formed by adding two
more links in such a way that these two links form a pair with the existing links as well
as form themselves a pair. In this case 1 =6, p=5,and j=7

From equation (#),
[=2p-4 or 6=2x5-4=6

ie. L.H.S. =RHS. g/ e
From equation (ii), f_,--""f'-__ j:r, E" F
DI = = i g hr -:"-. 1
, 3 - 3 > 1) L‘.ﬂ“ 1 e 1 i
j:?gl—___} or 7—?3{(‘1—3—? I'-, vD G-l'. &g ‘é?
= x \ e Vg S
i.e LHS.=RHS. E VS '
[ - |
Since the arrangement of six links, as shown in Fig. A Linki B E

5.9, satisfies the equations (i.e. left hand side 18 equahtoright

hand side), therefore 1t 1s a kinematic chain. Fig. 5.9, Areangempent of six Jinks

Note : A chain having more than four links 15 knewn as compound kinematic chain.

Mechanism:

e When one of the links of a kinematic chain is fixed, the chain is known as

mechanism.
e It may be used for transmitting or transforming motion e.g. engine indicators,

typewriter etc.
e A mechanism with four links is known as simple mechanism, and the mechanism
with more than four links is known as compound mechanism.

Machine:

e When a mechanism is required to transmit power or to do some particular type of

work, it then becomes a machine.
e A mechanism may be regarded as a machine in which each part is reduced to the

simplest form to transmit the required motion.

1.2 Inversion, four bar link mechanism and its inversion
8
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Inversion: The method of obtaining different mechanisms by fixing different links in
a kinematic chain, is known as inversion of the mechanism.

Suppose number of links of a kinematic chain = L, So L different mechanisms
may be obtained by fixing each of the lines in turn. Each mechanism is termed as
inversion.

Types of Kinematic Chains:

1. Four bar chain or quadric cycle chain
2. Single slider crank chain
3. Double slider crank chain
1. Four Bar Chain or Quadric Cycle Chain:

The simplest and the basic kinematic S
chain is a four bar chain or quadric cycle 3
chain. It consists of four links, each of Sl % 2
them forms a turning pair at A, B, C and T
D. The four links may be of different 2l e B
lengths. et

Fig. 5.18. Four bar chain,
Grashof’s law: According to this law for a four bar mechanism, the sum of the shortest
and longest link lengths should not be greater than the sum of the remaining two link
lengths if there is to be continuous relative-motion between the two links.

e In a four bar chain, one of the links, in‘particular the shortest link, will make a
complete revolution relative to the other three links, if it satisfies the Grashof’s
law. Such a link is known as crank or driver, AD (link 4) is a crank.

e The link BC (link 2) which makes a partial rotation or oscillates is known as lever
or rocker or follower and the link CD (link 3) which connects the crank and lever
is called connecting rod or coupler.

e The fixed link AB (link 1) is known as frame of the mechanism.

e When the crank (link 4) is the driver, the mechanism is transforming rotary motion
into oscillating motion.

Inversions of Four Bar Chain:

a) Beam engine (crank and lever mechanism):
In this mechanism, when the crank rotates about the fixed centre A, the lever
oscillates about a fixed centre D. The end E of the lever CDE is connected to a piston
rod which reciprocates due to the rotation of the crank. In other words, the purpose
of this mechanism is to convert rotary motion into reciprocating motion.
Rotary motion ------ > Reciprocating motion -------- > To power steam ship
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|
Piston T D] | ~ G i Link 3—_\‘ 5 .
% . e~ \\‘ Link 2
| D Ca"
I
|

Link 3
b i ' i T T i T
Cylinder 5= . A Link 1 8
= E AR
.-"'.-'-".-"'/.f’.f’.a"".}.—"-'.-'l Flr i B ,
Frame {Link 1) - %8B
Crank
[Link 2)
Fig. 5.19. Beam engine. Fig. 5.20. Coupling rod of a locomotive.

b) Coupling rod of a locomotive (Double crank mechanism):
e In this mechanism, the links AD and BC (having equal length) act as cranks and
are connected to the respective wheels.
e The link CD acts as a coupling rod and the link AB is fixed in order to maintain
a constant centre to centre distance between them.
e This mechanism is meant for transmitting rotary motion from one wheel to the
other wheel.
c) Watt’s indicator mechanism (Double lever mechanism):

e The four links are: fixed link at A, end of the link CE traces out
link AC, link CE and link BFD. It approximately a straight line.
may be noted that BF and FD form C}L
one link because these two parts have Link 2 X/ E‘ Theglt
no relative motion between them. B i*h 78 :;_*’E.

e The links CE and BFD act as levers. AL J'j;;, = d Link 3

: : . - B~ Pl

e The displacement of the link BFD is kink1 47" ¢ _"'\_ SR
directly proportional to the pressure A ket |E
of gas or steam which acts on the .

Lo Indicator _3 ;
indicator plungert. plunger 2|
e On any small displacement of the 1‘ tHa— 'gﬁ'tgég’r'

mechanism, the tracing point E at the
Fig. 5.21. Watt’s indicator mechanism.

2. Single Slider Crank Chain:

A single slider crank chain is a modification of the basic four bar chain. It consist of
one sliding pair and three turning pairs. It is, usually, found in reciprocating steam
engine mechanism. This type of mechanism converts rotary motion into reciprocating
motion and vice versa.

In a single slider crank chain the links 1 and 2, links 2 and 3, and links 3 and 4 form
three turning pairs while the links 4 and 1 form a sliding pair.

10
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Connecting rod Crank
(Link 2)

Guides (Link 3)
Piston rod ] \1_ s —l , ,j T .
f §

I
]
e zxurxu};rrni I
i
Frame

b
Cylinder f 1F“ismn \Grnss-head L) "y -

{Link 4)
Fig. 5.22. Single slider crank chain.

e The link 1 corresponds to the frame of the engine, which is fixed.
e The link 2 corresponds to the crank;

e link 3 corresponds to the connecting rod and

e link 4 corresponds to cross-head.

As the crank rotates, the cross-head reciprocates in the guides and thus the piston
reciprocates in the cylinder.

Inversions of Single Slider Crank Chain:

a) Pendulum pump or Bull engine:

e In this mechanism, the inversion is obtained by fixing the cylinder or link 4 (i.e.
sliding pair).

¢ In this case, when the crank (link 2) rotates, the connecting rod (link 3) oscillates
about a pin pivoted to the fixed link 4 at A and the piston attached to the piston
rod (link 1) reciprocates.

e The duplex pump which is-used to supply feed water to boilers have two pistons
attached to hnk 1.

£ 2
g A . *.; Cylinder
: a2 = (Link 4)
ol Connecting rod
7 iLink 3) Piston rod
F‘Eaﬁt_ﬂ; ‘ﬁdﬂ _ agt (Link 1} -
i - '|||||‘|:"| - .-" 1
e =< Crank C‘g} 5 3 i F?;;kng Y
(Link 2) .-r (Link 2] :
:..a,a,- ot _xf;f/‘,ff.rm'_'f;;/; :
z % Cylinder i
2 ;"_ ink 4) Caﬂnectmg ‘. ;
- Lnk3) -
Fig. 5.23. Pendulum pump. Fig. 5.24. Oscillating cylinder engine.

b) Oscillating cylinder engine:
e The oscillating cylinder engine mechanism is used to convert reciprocating
motion into rotary motion.

11
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e In this mechanism, the link 3 forming the turning pair is fixed. The link 3
corresponds to the connecting rod of a reciprocating steam engine mechanism.
e When the crank (link 2) rotates, the piston attached to piston rod (link 1)

reciprocates and the cylinder (link 4) oscillates about a pin pivoted to the fixed
link at A.

¢) Rotary internal combustion engine or Gnome engine:

e Sometimes back, rotary internal combustion engines were used in aviation. But
now-a-days gas turbines are used in its place.

Connecting rod

(Link 4} .
. ;’ Fixed crank

i f {Link 2}
Piston > - /
(Link 3} L

- o
- = JI.I 3

- > ’\
Cylinder J - Sa
(Link 1) ff ' >

Fig. 5.25. Rotary internal edmbustion engine.
e [t consists of seven cylinders in one plane and all revolves about fixed centre D,
while the crank (link 2) is fixed.
¢ In this mechanism, when the connecting rod (link 4) rotates, the piston (link 3)
reciprocates inside the cylinders forming link 1.
d) Crank and slotted lever quick return motion mechanism:

e This mechanism is mostly used in.shaping machines, slotting machines and in
rotary internal combustion engines.

. ———— Cutting stroke
Gonnecting +— Return stroke ‘-'q

tod - . 1., Line of
A1 ) Ram __ hg— Tool ./_ stroke

E_«- "'___J"'B_____ /;HE

1
P e e AN e Y s e TR I -
. o Py .
X Sliger (Link 1) e =
' [Crank (Link2)
VR
e :-\\w ]
i iH ¥ i
I iC !
| , . /
g% |17 4By
RN A1 y

(90°= 5 V Fixed
: (Link 3) i |

Sf[olfiteb? :l}ar \% I
N The Shaping Machine

Fig. 5.26. Crank and slotted lever quick return motion mechanism.

12
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In this mechanism, the link AC (i.e. link 3) forming the turning pair is fixed. The
link 3 corresponds to the connecting rod of a reciprocating steam engine.

The driving crank CB revolves with uniform angular speed about the fixed
centre C.

A sliding block attached to the crank pin at B slides along the slotted bar AP and
thus causes AP to oscillate about the pivoted point A.

A short link PR transmits the motion from AP to the ram which carries the tool
and reciprocates along the line of stroke R;R>.

The line of stroke of the ram (i.e. R;R;) is perpendicular to AC produced.

In the extreme positions, AP; and AP, are tangential to the circle and the cutting

tool is at the end of the stroke. The forward or cutting stroke occurs when the crank

rotates from the position CB; to CB; (or through an angle B) in the clockwise
direction. The return stroke occurs when the crank rotates from the position CB; to
CB; (or through angle a) in the clockwise direction. Since the crank has uniform
angular speed, therefore,

Time of cutting stroke B 360° — ot
— - =" AMOT
[ime of return stroke of  360°-§ o

Since the tool travels a distance of R;R; during cutting and return stroke, therefore
travel of the tool or length of stroke,

=R, R, 5P B=2F0=248"sin / P, AQ

24H sin [‘H]“ %) 24P cos = s (AR = AP)
ChB '
= 24P —= vy O Th
AC ( G e
CB
=24P X —— 2 CB=C
10 ... (. CB, =CB)

Note: From Fig. 5.26, we see that the angle B made by the forward or cutting stroke
is greater than the angle o described by the return stroke. Since the crank rotates
with uniform angular speed, therefore the return stroke is completed within shorter
time. Thus it is called quick return motion mechanism.

e) Whitworth quick return motion mechanism:

This mechanism is mostly used in shaping and slotting machines.

In this mechanism, the link CD (link 2) forming the turning pair is fixed. The
link 2 corresponds to a crank in a reciprocating steam engine.

The driving crank CA (link 3) rotates at a uniform angular speed.

The slider (link 4) attached to the crank pin at A slides along the slotted bar PA
(link 1) which oscillates at a pivoted point D.

The connecting rod PR carries the ram at R to which a cutting tool is fixed.

13
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e The motion of the tool is constrained along the line RD produced, i.e. along a
line passing through D and perpendicular to CD.

Connecling rod

amt Sy ‘t’ l p Cutting stroke
Vo L <«4—— Return stroke

.. -~

Ap .-'IJHF| PE!. \ Aq H'E..m <+— ool
—. !\-____'_ _T.r"__ ety i P . LI

TR AT TR R
Slotted bar ' * xf \‘F Line of
: |>{E|:t siroke

Slider b h\ /’j ;
(Link 4) —— =¥ Driving p
. crank o ¢
*~_ (Link3) -7

La

Fig. 5.27. Whitworth quick return motion mechamsm.

When the driving crank CA moves from the position CA; to CA; (or the link DP
from the position DP; to DP;) through an angle a in the clockwise direction, the tool
moves from the left hand end of its stroke to the right hand end through a distance 2
PD.

Now when the driving crank moves from the position C4; to CA4; (or the link
DP from DP, to DP;) through an angle f in the clockwise direction, the tool moves
back from right hand end of its stroke to the left hand end.

A little consideration will show that the time taken during the left to right
movement of the ram (i.e. during forward -or cutting stroke) will be equal to the time
taken by the driving crank to move from CA4; to CA,. Similarly, the time taken during
the right to left movement of the ram (or during the idle or return stroke) will be equal
to the time taken by the driving crank to move from CA4; to CA;.

Since the crank link CA rotates at uniform angular velocity therefore time taken
during the cutting stroke (or forward stroke) is more than the time taken during the
return stroke. In other words, the mean speed of the ram during cutting stroke is less
than the mean speed during the return stroke. The ratio between the time taken during
the cutting and return strokes is given by,

Time of cutting stroke ¢ _ o i 360° -3
Time of return stroke ﬁ 360° — o B

Note: In order to find the length of effective stroke R;R», mark P;R; = P,R, = PR. The
length of effective stroke is also equal to 2 PD.

14
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Example 5.1. 4 crank and slotted lever mechanism used in a shaper has a centre distance of
300 mm between the centre of oscillation of the slotted lever and the centre of rotation of the crank.
The radius of the crank is 12() mm. Find the ratio of the time of cutting to the time of return stroke.

Solution. Given : 4 C =300 mm CEI =120 mm
The extreme positions of the crank are shown in Fig. 5.28. We know that

sin ZCAB, =sin(90°—0/2) =

= E = @ == D_4 V . "“—ZC' \I
AC 300 BiY £/ Us
ZCAB, =90° —at/2 L
R £
= 5In U4 — Ej.ﬁn {gue_ %} “"_k.!.,é ;
or o/ 2=90°-23.6°=66.4° {
and =2 x 66.4=132.8° A
Fig. 5.28

We know that

Time of cutting stroke  360°—q _ 360°-132.8° >
Time of return stroke o 1328° - 172 Ans:
Example 5.2. In a crank and slotied lever guick return maotion mechanism, the distance
between the fived centres is 24(0) mm and the length of the drivingerank i§320 mm. Find the inclina-
tion of the slotted bar with the vertical in the extreme position-and the-fime ratio of cutting stroke to

the return stroke.

If the length of the slotted bar is'4507m, _,fj'?ﬁf the Iengtﬁ of the stroke if the line of stroke
passes through the extreme pas:rmns a_f rf;e?ﬁee emf ﬂ_f Lfie Fsrer

Solution. Given : AC = 240 mni; CB. s IEﬂ_mm : AP, =450 mm

Inclination of the slotted bar with the vertical

Let Z£CAB, = Inclinabion of the:slotted bar with the vertical.
The extreme positions of the crank are : .
shown in Fig. 5.29.'We know that “‘1‘-3 g 5 sirake i Ho
o ox RO .
sin /CAB, = 5m(9l]°——] P i -
2 P,
BC 120 !5
o e L PO T L
AC 240 1 # ‘“‘:’; ]
BiY 2 £ Y
. ZCAB, =90° < % =
(80°— P L
=sin™" 0.5 =30° Ans. Y
Time ratio of cutting stroke to the return stroke Fig. 5.29

We know that
90° —ot/2=30°
o/ 2=90°-30°=60°
o=2 x60°=120°

or

Time of cutting stroke  360°—at _ 3p0°-120° 5
Time of retum stroke © 120° -

15

*Pa


DELL
New Stamp


Length of the stroke
We know that length of the stroke,
RR,=PP,=2P,0=2AP, sin(90°-o/2)
=2 x 450 sin (90°— 60°) = 900 x 0.5 = 450 mm Ans.
Example 5.3. Fig. 5.30 shows the lay out of a quick return mechanism of the oscillating link
tvpe, for a special purpose machine. The driving crank BC is 3(0) mm long and time ratio of the

working stroke to the return stroke is to be 1.7. If the length of the working stroke of R is 120 mm,
determine the dimensions of AC and AP.

Solution. Given: 8C=30mm ; R Ry = 120 mm ; Time ratio of working stroke to the retumn
stroke = 1.7

kL
P 5 R
FTARA TP YN NN NS 1% '}" =
FFF.’_I-_-: _-'.l'-'-".l'.f:".l'n'l':".l'.l'.l':":":l' . IQ . .
| Hy | \ Bz
' II " Line of strake
gla : 5V
ol &
\' e BiY) " /B2
) .-'J{gr ) .
I
1 o M |
| o2\,
' 1“.'r
| .
! |
A A
||'.li):lr|
Fig. 5.30 Fig. 5.31
We know that
Time of working stroke” 360 — o 17 360 - o
r = or =
Time of return stroke (b} o

= oe=1333" or o/2=066.65°
The extreme positions of the crankare shown in Fig. 5.31. From right angled triangle 4 8,C,
we find that

B,C B.C BC
in (90°2 0/2) = —— - : =
sin (£ )= AC o AC sin{90° —q/2) coso/2
(= B,C=BC)
30 =30 = 75.7 mm Ans.

= c0s66.65°  0.3963
We know that length of stroke,
RR,=PP,=2P,0=2 AP sin (90°— o/ 2)=2 AP, cosa/2
120 =2 AP cos 66.65°=0.7926 AP (e AP, = AP)
AP=120/0.7926 = 151.4 mm Ans.

Eumpie 5.4. fn a Whitworth quick return motion mechanism, as shown in Fig. 5.32, the
distance between the fixed centers is 50 mm and the length of the driving crank is 75 mm. The length
of the slotted lever is 150 mm and the length of the connecting rod is 135 mm. Find the ratio of the
time of cutting stroke to the time of return stroke and also the effective stroke.

16
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Solution. Given : CO=50mm ; C4=75mm ; P{ =150 mm ; PR= 135 mm

|
I
™
0
9 |
Iz
.
|

a0 (-

Fig. 5.32 Fig. 5.33
The extreme positions of the driving crank are shown in Fig. 5.33. From the geometry of the
figure,
D 50 : :
spf2= == = 0.667 2 [ Cly=C4A)
SR2=en 8 2
B/2=482° or B=964°

Ratio of the time of cutting stroke to the time of return stroke
We know that
Time of cutting stroke  360-§ 360-96.4
Time of return stroke B DG .4
Length of effective stroke
In order to find the length of effective stroke (i.e. Riﬁ':}, draw the space diagram of the
mechanism to some suitable scale, as shown in Fig. 5.33. Mark PR, = P,R, = PR. Therefore by

measurement we find that,

= 27335 Ans

Length of effective stroke = R | R{=87.5 min1 Ans.

3. Double Slider Crank Chain:

A kinematic chain which consists of two turning pairs and two sliding pairs is known
as double slider crank chain, as shown in Fig. 5.34. We see that the link 2 and link 1
form one turning pair-and link 2 and link 3 form the second turning pair. The link 3
and link 4 form one sliding pair and link 1 and link 4 form the second sliding pair.

Inversions of Double Slider Crank Chain:

a) Elliptical trammels:

e [t is an instrument used for drawing ellipses.

e This inversion is obtained by fixing the slotted plate (link 4), as shown in Fig. 5.34.
The fixed plate or link 4 has two straight grooves cut in it, at right angles to each
other.

e The link 1 and link 3 are known as sliders and form sliding pairs with link 4.

e The link AB (link 2) is a bar which forms turning pair with links 1 and 3.

e When the links 1 and 3 slide along their respective grooves, any point on the link
2 such as P traces out an ellipse on the surface of link 4.

17
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A little consideration will show that AP and BP are the semi-major axis and
semi-minor axis of the ellipse respectively. This can be proved as follows.

| ”
i ]
| Ae— Slider A
Bar + (Link 3)
Link2) >~ |
|
Slotted
F‘ |‘ plate (Link 4) F‘I.__T_ -Q
.!'" I "l\'\- i ; I-Iil
o ﬂ{__| _____ C S— X Aot L G
I B RO
X /fB F | P77 3 _,.‘-:._"J B )
i | i
Slider ~~--r-t~""
{Link 1) | |
\rr'r
(a2) -

Fig. 5.34. Elliptical trammels.

Let us take OX and OY as horizontal and vertical axes .and let the link B4 i1s
inclined at an angle 0 with the horizontal. Now the co-ordinates of the point P on the
link BA will be,

x=PQO =AP cos 8;cand y = PR =BPsin B

v !
< =-§in 0

X
ar — =cos 8y
AP

Squaring and adding,

- ~

! 2 . €
e =cos B+sin"B=1

e

(APY  (BP)*

X

This 1s the equation of an ellipse. Hence the path traced by point P is an ellipse
whose semi-major axis is AP and semi-minor axis is BP.

b) Scotch yoke mechanism:

e This mechanism is wused for Crank Slider
converting rotary motion into a (lnn E} \ ‘A (Hink3)
reciprocating motion.

e The inversion is obtained by fixing . .
either the link 1-or link 3. Link 1 'v— 8

o In Fig. 5.35, link 1 is fixed and it

P i A S i T A
Frame (Link 4)

Fig. 5.35. Scotch yoke mechanism.

guides the frame.
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In this mechanism, when the link 2 (which corresponds to crank) rotates about B
as centre, the link 4 (which corresponds to a frame) reciprocates.

¢) Oldham’s coupling:

An Oldham's coupling is used for connecting two parallel shafts whose axes are
at a small distance apart.

The shafts are coupled in such a way that if one shaft rotates, the other shaft also
rotates at the same speed.

This inversion is obtained by fixing the link 2, as shown in Fig. 5.36 (a).

The shafts to be connected have two flanges (link 1 and link 3) rigidly fastened at
their ends by forging.

The link 1 and link 3 form turning pairs with link 2. These flanges have
diametrical slots cut in their inner faces, as shown in Fig. 5.36 (b).

The intermediate piece (link 4) which is a circular disc, have two tongues (i.e.
diametrical projections) 7; and 7, on each face at right angles to each other shown
in Fig. 5.36 (¢).

The tongues on the link 4 closely fit into the slots in'the two flanges (link 1 and
link 3). The link 4 can slide or reciprocate in the slots in the flanges.

Flange —. 'n Intermediate Link 4
Cink 1 \ | piece 5 :
( ) (\; 4 (Link 4) > ‘e—Link 1 Tp
e rd
E.‘;riv[mg_ i ,.9“_ Flange (S '. : Ty
shaft “\a . (Link 3) PRV 2y \
ST LT ?_'\_._T__T:
T B = At L slol
: 1 LDriven ! !
Supporting ! shaft A Link 4
frame — . ‘- Slot
Link 2) ) ) Lifkc3

T " -
Fig. 5.36. Oldham’s coupling.

When the driving shaft A is rotated, the flange C (link 1) causes the intermediate

piece (link 4) to rotate at the same angle through which the flange has rotated, and

it further rotates the flange D (link 3) at the same angle and thus the shaft B rotates.

Hence links 1, 3 and 4 have the same angular velocity at every instant.

A little consideration will show, that there is a sliding motion between the link 4

and each of the other links 1 and 3.

If the distance between the axes of the shafts is constant, the centre of intermediate

piece will describe a circle of radius equal to the distance between the axes of the

two shafts.

Therefore, the maximum sliding speed of each tongue along its slot is equal to the

peripheral velocity of the centre of the disc along its circular path.

Let @ = Angular velocity of each shaft in rad/s, and
r = Distance between the axes of the shafts in metres.
~ Maximum sliding speed of each tongue (in m/s), v=a.r
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1.4 Cam and Followers

e A cam is a rotating machine element punch press, by die casting or by
which  gives  reciprocating  or milling from the master cam.

oscillating motion to another element
known as follower.
e The cam and the follower have a line
contact and constitute a higher pair.
e A cam is difficult to manufacture
especially when it is to be produced in .,rI;.

small quantities. When produced on a L ‘%
q p x\é\%} #)’

mass scale, it is manufactured by a

e The cams are usually rotated at uniform speed by a shaft, but the follower motion is
predetermined and will be according to the shape of the cam.

Ex: The cams are widely used for operating the inlet and exhaust valves of internal
combustion engines, automatic attachment of machineries, paper cutting machines,
spinning and weaving textile machineries, feed mechanism of automatic lathes etc.

Classification of Followers:

Follower
Surface in contact Motion of the follower Path of motion of the follower
(i) Knife edge follower (i) Reciprocating or (i) Radial follower
(ii) Roller follower iranslating follower (ii) Offset follower
(iii) Flat faced or (ii) Oscillating or
(iv) Spherical faced follower rotating follower

1. According to the surfacein contact:

a) Knife edge follower:

e When the contacting end of the follower Knife edge
has a sharp knife edge, it is called a knife ! 4« follower
e s
. The siing mo 77
g motion takes place between !
the contacting surfaces (i.e. the knife I
edge and the cam surface). |
e [t is seldom used in practice because the I Gam
small area of contacting surface results L

In excessive wear. |

e In knife edge followers, a considerable
side thrust exists between the follower
and the guide.

{a) Cam with knife
edge follower.
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b) Roller follower:

When the contacting end of the follower
1s a roller, it is called a roller follower.
Since the rolling motion takes place
between the contacting surfaces (i.e. the
roller and the cam), therefore the rate of
wear is greatly reduced.

In roller followers also the side thrust
exists between the follower and the
guide.

The roller followers are extensively
used where more space is available such

¢) Flat faced or mushroom follower:

When the contacting end of the follower
is a perfectly flat face, it is called a flat-
faced follower.

It may be noted that the side thrust
between the follower and the guide: is
much reduced in case of flat. faced
followers. The only side thrust is due to
friction between the contact surfaces of
the follower and the cam.

The relative motion between  these
surfaces is largely of sliding nature but
wear may be reduced by off-setting the
axis of the follower as shown in Fig., so
that when the cam rotates, the follower
also rotates about its own axis.

The flat faced followers are generally
used where space 1s limited such as in
cams which operate the valves of
automobile engines.

as in stationary gas and oil engines and
aircraft engines.

I Roller
i 2 follower
e | B
s o
77777
Cam

(#) Cam with roller

follower
| Flat faced
! &« follower
Eery 277
',.". _.-'"__.:}_, i _,.f:"f._
1 "'J""-;;_l- | # I f.’—" .";,

-

Cam

!.
4D

() Cam with flat
faced follower.

Offset follower —, |

xxxxxx

al (/) Cam with offset

tollower.

Note: When the flat faced follower is circular, it is then called a mushroom follower.

d) Spherical faced follower:

faced follower.
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Spherical faced

+ follower Spherical faced
|
Ik 2
! Cam | Cam
— - —
iy +_ |
i |
(d) Cam with spherical (e) Cam with spherical
faced follower. taced tollower.

e [t may be noted that when a flat-faced follower is used in automobile engines, high
surface stresses are produced. In order to minimize these stresses, the flat end of
the follower is machined to a spherical shape.

2. According to the motion of the follower:
a) Reciprocating or Translating follower:

When the follower reciprocates in guides as the cam rotates uniformly, it is known

reciprocating follower.

b) Oscillating or Rotating follower:
When the uniform rotary motion of the cam is connected into predetermined
oscillatory motion of the follower, it is called oscillating or rotating follower.

3. According to the motion of the follower:

a) Radial follower:
When the motion of the follower-is along an axis passing through the centre of the
cam, it is known as radial follower.

b) Offset follower:
When the motion of the follower is along an axis away from the axis from the centre,
it is called off-set follower. Off-set can be done by springs, gravity or hydraulic
means.

Classification of Cams:

Cams

. v

Radial or Disc cam Cylindrical cam

v v v

Reciprocating cam Tangent cam Circular cam

22
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(a) Radial or Disc Cam: In radial cams, the follower reciprocates or oscillates in a
direction perpendicular to the cam axis.

AN

e
AR
t
|
]

Py

{a) Cylindrical cam with reciprocating (b) Cylindrical cam with oscillating follower.

tollower.

(b) Cylindrical Cam: In cylindrical cams, the follower reciprocates or oscillates in a
direction parallel to the cam axis. The follower rides in a groove at its cylindrical surface.
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Chapter-02: Friction

Friction: When a body moves or tends to move on another body (surface/block), there
exists some resistance or opposing force in a direction opposite to the direction of the
movement of the body. This opposing force is called force of friction or friction.

Types of Friction:

1. Static friction: It is the friction, experienced by a body, when at rest.

2. Dynamic friction: 1t is the friction, experienced by a body, when in motion. The
dynamic friction is also called kinetic friction and is less than the static friction.

a) Sliding friction: 1t is the friction, experienced by a body, when it slides over another
body.

b) Rolling friction: It is the friction, experienced between the surfaces which have balls
or rollers interposed between them.

¢) Pivot friction: 1t is the friction, experienced by a body, due to the motion of rotation
as in case of foot step bearings.

The friction may further be classified as:

1. Friction between un-lubricated surfaces:
e The friction experienced between two dry and un-lubricated surfaces in contact is
known as dry or solid friction.

e It is due to the surface roughness.

e The dry or solid friction includes the sliding friction and rolling friction as
discussed above.

2. Friction between lubricated surfaces: When lubricant (i.e. oil or grease) is applied
between two surfaces in contact, then the friction may be classified into the following
two types depending upon the thickness of layer of a lubricant.

a) Boundary friction (or.greasy friction or non-viscous friction):

e [t is the friction; experienced between the rubbing surfaces, when the surfaces have
a very thin layer of lubricant.

e In this type of friction, a thin layer of lubricant forms a bond between the two
rubbing surfaces.

e The lubricant is absorbed on the surfaces and forms a thin film. This thin film of
the lubricant results in less friction between them. The boundary friction follows
the laws of solid friction.

b) Fluid friction (or film friction or viscous friction):

e It is the friction, experienced between the rubbing surfaces, when the surfaces have
a thick layer of the lubricant.

¢ In this case, the actual surfaces do not come in contact and thus do not rub against
each other.
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e [t is thus obvious that fluid friction is not due to the surfaces in contact but it is due
to the viscosity and oiliness of the lubricant.

Note: The viscosity is a measure of the resistance offered to the sliding to one layer

of the lubricant over an adjacent layer.

The oiliness property of a lubricant may be clearly understood by considering two
lubricants of equal viscosities and at equal temperatures. When these lubricants are
smeared on two different surfaces, it 1s found that the force of friction with one
lubricant is different than that of the other. This difference is due to the property of
the lubricant known as oiliness. The lubricant which gives lower force of friction is
said to have greater oiliness.

Laws of friction:

e When two bodies are in contact, the force of friction always acts in.a direction
opposite to that in which the body moves or tends to move.

e The force of friction is dependent upon the type of material of the bodies whose
surfaces are in contact.

e The force of friction is independent of the area of contact between the two surfaces.

e The force of friction is independent of the relative velocity of sliding between the
two surfaces.

e The force of frictions directly proportional to the normal reaction between the
surfaces in contact for a particular material in contact for a particular material of
which the bodies are made up.

FaN
= F=uN
Where, u = proportionality constant. i.e. also called as co-efficient of friction.
Limiting Friction:

When two bodies are in contact, the force of friction always acts in a direction
opposite to that in which the body moves or tends to move.

Consider that a body A of weight W is lying on a rough horizontal body B as
shown in Fig. 10.1 (a). In this position, the body A is in equilibrium under the action of
its own weight W, and the normal reaction Ry (equal to W) of B on A. Now if a small
horizontal force P1 is applied to the body A acting through its centre of gravity as shown
in Fig. 10.1 (b), it does not move because of the frictional force which prevents the
motion. This shows that the applied force P; is exactly balanced by the force of friction
F, acting in the opposite direction. If we now increase the applied force to P, as shown
in Fig. 10.1 (c), it 1s still found to be in equilibrium. This means that the force of friction
has also increased to a value F, = P;.
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Fig. 10.1. Limiting friction.

Thus every time the effort is increased the force of friction also increases, so as to
become exactly equal to the applied force. There is, however, a limit beyond which the
force of friction cannot increase as shown in Fig. 10.1 (d). After this, any increase in the
applied effort will not lead to any further increase in the force of friction, as shown in
Fig. 10.1 (e), thus the body A begins to move in the direction of the applied force. This
maximum value of frictional force, which comes into play, when a body just begins to
slide over the surface of the other body, is known as limiting force of friction or simply

limiting friction.

It may be noted that when the applied force is less than the limiting friction, the
body remains at rest, and the friction into play is called static friction which may have
any value between zero and limiting friction.

Limiting Angle of Friction:

Consider that a body A of weight (W) is resting on a horizontal plane B, as shown
in Fig. 10.2. If a horizontal force P is applied to the body, no relative motion will take
place until the applied force P is equal to the force of friction F, acting opposite to the
direction of motion. The magnitude of this force of friction is

F= pn.W= pn.Ry, where Ry is the normal reaction.

In the limiting case, when the motion just begins, the body will be in equilibrium under
the action of the following three forces:

1. Weight of the body (W), A R
2. Applied horizontal force (P), ¢ A
and 3. Reaction (R) between the body F=p.Ay i 5
A and the plane B. o B
w
Fig. 10.2. Limiting angle of
friction.

The reaction R must, therefore, be equal and opposite to the resultant of W and P and
will be inclined at an angle ¢ to the normal reaction Rn. This angle ¢ is known as the
limiting angle of friction. It may be defined as the angle which the resultant reaction R
makes with the normal reaction Ry.

From Fig. 10.2, tan @ = F/Ry=p Ry/ Ry = .
27


DELL
New Stamp


Angle of Repose:

Consider that a body A of weight (W) is
resting on an inclined plane B, as shown in

o
Fig. 10.3. If the angle of inclination a of the R r ad;:ﬂzﬂﬂ
plane to the horizontal is such that the body . o ‘%
begins to move down the plane, then the H ?,- .f i
angle a is called the angle of repose. A little i AT I'g
consideration will show that the body will 8 &
begin to move down the plane when the W% Al —ﬂ

T . 77! Wecos o

angle of inclination of the plane is equal to Mo W

the angle of friction (i.e. o = ¢). Fig. 10.3. Angle of repose.

The weight of the body (W) can be resolved into the following two components:
1. W sina, parallel to the plane B.
This component tends to slide the body down the plane.

2. W cosa, perpendicular to the plane B. This component is balanced by the normal
reaction (Ry) of the body A and the plane B.

The body will only begin to move down the plane, when
W sin a = F= p.Ry = pn.W cos @ . (* Ry=W cos o)
tano=p=tan @ or o=@ ..(** u=tan @)

Minimum Force Required to Slide a Body on‘a Rough Horizontal Plane:

Consider that a body A of weight (W) is Ry
resting on a horizontal plane B as shown in A ;,En
Fig. 10.4. Let an effort P is applied at an —T\g Psind
: 2l >
angle 0 to the horizontal such that the body F e L = W
A just moves. B
W sing
= i " N4 : :
cos (6 -0) Fig. 10.4. Minimum force required

to slide a body.
For P to be minimum, cos (6 — ¢) should be maximum, i.e.
cos@—@)=1lor0—p=0%0r0=0

In other words, the effort P will be minimum, if its inclination with the horizontal is
equal to the angle of friction.

Prin=W sin 0 ...[From equation (ii1)]
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Friction of a Body Lying on a Rough Inclined Plane:

1. Considering the motion of the body up the plane

Let W = Weight of the body,
o = Angle of inclination of the plane to the horizontal,
¢ = Limiting angle of friction for the contact surfaces,

P = Effort applied in a given direction in order to cause the body to slide with
uniform velocity parallel to the plane, considering friction,

Py = Effort required to move the body up the plane neglecting friction,

0 = Angle which the line of action of P makes with the weight of the body W,
u = Coefficient of friction between the surfaces of the plane and the body,

Ry = Normal reaction, and R = Resultant reaction.

When the friction is neglected, the body is in equilibrium under the action of the three
forces, 1.e. Pp, W and Ry, as shown in Fig. 10.7 (a). The triangle of forces is' shown in
Fig. 10.7 (b). Now applying sine rule for these three concurrent forces,

R _ W : W sin@x

ot - NPT, N
sinat sin(@ —«) 4 sin (0 — )

HN iﬁ Pﬂ , 4 HN PD‘
(B=a=907 | ' o4 —180° = (B=u)
2 : oy
o K1 O\)8=a i 180°=4 1 ©
a':“bo'xﬂﬂ x ’}:)EE} ! i
) D"- ] (¥
G&V ol "l -‘L':Q.‘chs o H,.} o
: f II' [ '\\
Al O -— c W
\ “'
W -\,'\I Q\“U

(a1} () ()

Fig. 10.7. Motion of the body up the plane, neglecting friction.

When friction is taken into account, a frictional force F= p.Ry acts in the direction
opposite to the motion of the body, as shown in Fig. 10.8 (a). The resultant reaction R
between the plane and the body is inclined at an angle ¢ with the normal reaction Ry.
The triangle of forces is shown in Fig. 10.8 (b). Now applying sine rule,

P W
sin(ot+ @) sin[B — (o + )]

2 W sin(ol + &) .
sin[0— (ot + 0)] e
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Fig. 10.8. Motion of the body up the plane, considering friction.

Notes : 1. When the effort applied i1s horizontal, then 8 = 90°. In that case, the equations () and (if) may be
written as

Wsinoo  Wsino

=— = = Wtan of
0 Sin(90° =) cos o

_ Wsin(ot+d)  Wsin (o + @)
sin[90°% — (o + &) cos (o + &)
2. When the effort applied is parallel to the plane, then 8 = 90" + ¢ In that case, the equations () and
(if) may be written as

= W tan (ot +.&)

and

W sin o i
== =Wsin o
sin (207 + o — o)
W sin (o + &) W sin (o't}
and P=— - e
sin[(907 + o) = ot + @) cos

_ Wisinoecos ¢ + cos o sin &)

= W (sin o + cos o.tan &)
cosg

= W (sin o'+ L cos-0K) v = W=tan §)

2. Considering the motion of thé body down the pldie

Neglecting friction, the effort required for the motion down the plane will be same as for the
motion up the plane, i.e.

_Wsin o .
- _”5'111(9—41] .. [EEf)
R, H.'«. e Hri- ": Py
v 3 P Y ¢ 180° =0 — (ct— )
W00 ijajrf 180° —(a—¢) o
gﬁ‘-ﬁﬁgﬁc If:ﬁ ghyw i
B ot B IR Afpeds
UK il \ (a=0) T
WL‘-",‘JF' i A
(a) (b) (€)

Fig. 10.9. Motion of the body down the plane, considering friction.
When the friction is taken into account, the force of friction /= p.R,;, will act up the plane and
the resultant reaction R will make an angle ¢ with R, towards its right as shown in Fig. 10.9 (a). The
triangle of forces is shown in Fig. 10.9 (). Now from sine rule,

P _ W
sin(ot — ) sin[0 — (ot — )]
s W sin (o — &) :
or sin[0 — (o — )] (34
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Notes : 1. The value of P may also be obtained either by applying Lami’s theorem to Fig. 10.9 (¢), or by
resolving the forces along the plane and perpendicular to the plane and then using ZH =0 and £V =0 (See Art.
10.18 and 10.19).

2. When P is applied horizontally, then 6 = 90°. In that case, equation (iv) may be written as
_ Wsin(e—9)  Wsin(o—9)
sin[90° - (@ —¢)]  cos (0 — @)
3. When P is applied parallel to the plane, then 8 = 90° + a. In that case, equation (iv) may be
written as

= Wian (ot —d))

Wsin(o —d) _ Wsin(a - ¢)

P=
sin[90° + o) = (oL — b)) cos

_ W(sin o cos ¢ — cosa sin ¢)

= W (sin ot — tan & cos o)
cos &

=W (sin of — L cos o) e tan g = W)
Efficiency of Inclined Plane:

The ratio of the effort required neglecting friction (i.e. Py) to the effort required
considering friction (i.e. P) is known as efficiency of the inclined plane. Mathematically,
efficiency of the inclined plane,

n= P()/ P

Let us consider the following two cases:

1. For the motion of the body up the plane

B, Ws Qo —
Efficiency, f=-Y=, 0 oR0> (&0 (X+9)
P sin(®—a)y Wosin(o + ¢)

a sifi ot xs'mﬂccrs[u+ ¢) — cos O sin(a + ¢)
sin B cos’@ — cos\Bsin o sin (oL + &)

Multiplying the numerator and denominator by sin (ot + @) sin 6, we get
_eot(oA'$) — cot B
V" cot oL — cot ©
Notes : 1. When eftort is@pplied horizontally, then 8 = 90°.

_ tano
~ tan (o + 0)

2. When eftort is applied parallel to the plane, then 8 = 90" + oL

n_cm{{x+¢l—cm{9ﬂ“ +0) cotfd+d)+tanc sinccosd
cot of — cot(90° + o) cot o + tan of sin (ot + &)

2. For the motion of the body down the plane

Since the value of P will be less than F,, for the motion of the body down the plane, therefore
in this case,

P Wsin(ot — @) sin{@ — o)
== iy -
F, sin[@-(ot—¢)] Wsinao
_ sin{ot — &) sin @ cos o —cos O sin o
" sin @ cos(o — &) — cos B sin(o — &) sin o
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Multiplying the numerator and denominator by sin (ot — ¢) sin 8, we get

cot o —cot B

cot(ot — &) —cot B

Notes : 1. When effort is applied horizontally, then 6 = 90°,

_ coto _ tan{ot—g)
_cc:t{n'.—qﬂ_ tan o

2. When effort is applied parallel to the plane, then 8 = 90" + c.
cotot—cot(90°+a) coto+tance  sinfol—¢)

cot{ol = &) — cot (90° + o) - cot{ — ) + tan o " sin ot cos &

Screw Friction:

The screws, bolts, studs, nuts etc. are widely used in various machines and structures
for temporary fastenings.

These fastenings have screw threads, which are made by cutting a continuous helical
groove on a cylindrical surface.

If the threads are cut on the outer surface of a solid rod, these are known as external
threads. But if the threads are cut on the internal surface of a hollow rod, these are
known as internal threads.

The screw threads are mainly of two types i.e. V-threads and square threads. The V-
threads are stronger and offer more frictional resistance to motion than square threads.
Moreover, the V-threads have an advantage of preventing the nut from slackening.
In general, the V-threads are used for'the purpose.of tightening pieces together e.g.
bolts and nuts etc. But the square threads are used in screw jacks, vice screws etc. The
following terms are important for the study of screw:

. Helix: 1t is the curve traced by a particle, while describing a circular path at a uniform

speed and advancing in the axial direction at a uniform rate. In other words, it is the
curve traced by a particle while moving along a screw thread.

. Pitch: 1t is the distance from a point of a screw to a corresponding point on the next

thread, measured parallel to the axis of the screw.

. Lead: It 1s the distance from a point of a screw to a corresponding point on the next

thread, measured parallel to the axis of the screw.

. Depth of thread: 1t is the distance between the top and bottom surfaces of a thread

(also known as crest and root of a thread).

. Single-threaded screw: If the lead of a screw is equal to its pitch, it is known as single

threaded screw.

. Multi-threaded screw: If more than one thread is cut in one lead distance of a screw,

it is known as multi-threaded screw e.g. in a double threaded screw, two threads are
cut in one lead length.

In such cases, all the threads run independently along the length of the rod.
Mathematically, Lead = Pitch x Number of threads.
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7. Helix angle: 1t is the slope or inclination of the thread with the horizontal.
Mathematically.
Lead of screw

tan o =— - =
Circumference of screw
= pind ...{In single-threaded screw)
= n.p/md ...{In multi-threaded screw)

Where, a = Helix angle, p = Pitch of the screw, d = Mean diameter of the screw, and n
= Number of threads in one lead.
Screw Friction:

The screw jack is a device, for lifting Hesd T_ ) — "

heavy loads, by applying a comparatively ) o [— £,

smaller effort at its handle. Zin N N ~i§"{:aua:
The load, to be raised or lowered, is ke \ N

placed on the head of the square threaded \g\\ \\\f Nt TR,

Head | —' A l—
rod which is rotated by the application of an :

*— Screw rod
. . d P
effort at the end of the lever for lifting or ;f; . %
. 17 iy \ g
lowering the load. %
(1) Screw jack. () Thrust collar.

Torque Required to Lift the Load by a Screw Jack:

If one complete turn of a screw thread by imagined to be unwound, from the body of the
screw and developed, it will form an inclined plane as shown in Fig. 10.12 (a).

P |
QP
P -, * 1‘_'II|.-"T:.-1.|PSI‘"I|_J_
v o L -._ k!
& ‘Er""f 7, i
Yt i ST
4 S __;"“]Ui < Wcos o
|e— - ———— 1}_
W s
.-i,'_..".{\'
¥
{a) Development of a screw. (b) Forces acting on the screw.

Let p = Pitch of the screw,
d = Mean diameter of the screw,
o = Helix angle,
P = Effort applied at the circumference of the screw to lift the load,
W = Load to be lifted, and
u = Coefficient of friction, between the screw and nut = tan ¢,

where, ¢ is the friction angle.
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From the geometry of the Fig. 10.12 (a), we find that
tan o =p/md

Since the principle on which a screw jack works is similar to that of an inclined
plane, therefore the force applied on the lever of a screw jack may be considered to be
horizontal as shown in Fig. 10.12 (b).

Since the load is being lifted, therefore the force of friction (F = u.RN) will act
downwards.

Resolving the forces along the plane,
Pcosa=Wsina+ F=Wsina+ pwRy ...(1)
and resolving the forces perpendicular to the plane,
Rny=Psina+ W cos a ...(11)
Substituting this value of Ry in equation (1),
Pcosa=Wsina+ p (Psina+W cos a)

=Wsina+puPsina+puWcosa

or Pcosa—puPsinoa=Wsina+p W cos a
or P (cos a—psin a) =W (sin‘a + [t.cos )
+'© sinoh + LLaos o
P =ax- :

Cos O =4 sin o
Substituting the value of 1L = tan ¢'wi'the above equation, we get

sin oL+ tan ¢ cos o

=W -
COS OU—tan @ sin o

Multiplying the numerator and denominator by cos ¢,

sin (ot 4+ @)

sin oL cos ¢ + sin ¢ cos @

P=Wr W x

COS 0L COs § — sin of sin & cos{o + @)
=W tan(c + &)

. Torque required to overcome friction between the screw and nut,
r=pxZ_w (ot + O)
=Px—=W tan(ot + @) —
I ) ® )

When the axial load is taken up by a thrust collar or a flat surface, as shown in Fig. 10.11 (5),
so that the load does not rotate with the screw, then the torque required to overcome friction at the
collar,

?1=HH1RVE%]=uJﬂR

where R; and R, = Outside and inside radii of the collar, R = Mean radius of the
collar, and p; = Coefficient of friction for the collar.
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. Total torque required to overcome friction (i.e. to rotate the screw),
d
r=T+T, =P‘:~:E+j.L,JF_R

Ifan effort P, is applied at the end of a lever of arm length /, then the total torgue required to
overcome friction must be equal to the torque applied at the end of the lever, i e.
I'=Px i =28l
2
Notes : 1. When the “nominal diameter (d,) and the *“core diameter (d ) of the screw thread is given, then the
mean diameter of the screw,

2, Since the mechanical advantage 1s the ratio of load lifted { H’_} to the effort applied (F,) at the end of
the lever, therefore mechanical advantage,

M4=E=H’x21 __P_P_ﬂr
R pd A AT
W w2 X

=3 W tan (o0 + @) d - d_tanjo + )

Example 103. An electric motor driven power sefew movesGd it in a horizontal plane
against a force of 75 kN at a speed of 300 mmimin. The screw has asingle square thread of 6 mm
pitch on a major diameter of 40 mm. The meﬁcﬁm.{qfﬁiﬂmn :Ithﬁ'i’ screw threads is 0.1. Estimate
power of the motor. > )

The nominal dinmeter of a screw thread is also knbwn.as outside diameter or major diameter.
The core diameter of a screw thread is also ]u;m_wm asinner diameter or rogd dinmeter or minor dinmeter.

Solution. Given : W = 75 kN <75 = [i¥N ; w300 mm/min ; p =6 mm ; d, =40 mm ;
w=tan ¢ =10.1
We know that mean diameter of the screw:
d.=du—_pﬂ=4ﬂ—6!2 =37 mm=0.037Tm

P 6
tin 3O 2 - —0.0516
and xd xx31

2/ Force required at the circumference of the screw,

F=Wum(u+¢1=w[ "“““J’m”]

1 — tan o.tan ¢

0.0516 + 0.1
1—0.0516 x 0.1

=T5xl[}3l ]=1|¢43xmlm

and torque required to overcome friction,
T=Pxd2=1143 = 1(F x 0.037/2=211.45 N-m

We know that speed of the screw,
_ Speedof the nut 300

- — = =50 rp.m.
Pitch of the screw (3]
and angular speed, w =2 m = 50/60 =524 rad/s
= Power of the motor =Tw=21145x524=1108 W= 1108 kW Ans.
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Example 10.5. 4 150 mm diameter valve, against which a steam pressure of 2 MN/m® is
acting, is closed by means of a square threaded screw 50 mm in external diameter with 6 mm pitch.
If the coefficient of friction is 0.12 ; find the torgue reguired to turn the handle.

Solution. Given : D =150 mm=015mm=0.15m; Ps=2 MN/m? =2 = 10° N/m? :
dy=30mm;p=6mm;u=tan¢=0.12
We know that load on the valve,
W = Pressure x Area = ps}c;ﬂz :zxm"xg{ﬂ.lsﬁ N
= 35400 N
Mean diameter of the screw,
d =d,—p/2=50—-6/2=47 mm =0.047 m

g a=Poe: 9 conoms
nd wx47

We know that force required to turn the handle,

tan o 4+ tan’'¢
| — tan ot tan ¢

P=W lan{ﬂ+¢]=}if[

0.0406 + 12
1 — 0.0406 x 0.12

=354{}Dl ]=5?13N

-, Torque required to turmn the handle,
T=P=xd2=5713 x 0.047/2 5134 2/ N-m Ans.

Torque Required to Lower the Load by a'Screw Jack:

|
\_(2E ru
D, - '.I I o
T r:'“‘j,-.-"'}i' "--'”P-d d
P e
Jx ) | _*_ f;:r{{ﬁ/?.rﬁi"-.
| R | ¢ |-"'|-"' J‘h‘. W oos o
-uf:};ﬂ
il
() (b)
Fig. 10.13
P:w}{{ﬂmm—-smn‘.]

{cos of + L sin o)
Substituting the value of (it = tan ¢ in the above equation, we get
(tan @ cos ¢ — sin @)
(cos o + tan & sin o)

P=Wx

Multiplying the numerator and denominator by cos é,

P_H,x{sin decosou—sinocos ) o sin(d— o)
B (cos of cos ¢ + sin § sin of) B cos (¢ — o)
=W tan (¢ — o)

.. Torgue required to overcome friction between the screw and nut,
il ef
T=PKE=W tan (& — o) =y

Note : When ot = &, then P = tan (o — ).
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Example 10.9. The mean diameter of a square threaded screw jack is 50 mm. The pitch of
the thread is 10 mm. The coefficient of friction is 0.15. What force must be applied at the end of a

(.7 m long lever. which is perpendicwlar to the longitudinal axis of the screw to raise a load of 20 kN
and to lower fit?

Solution. Given : d=50mm=005m:p=10mm; pu=tand=0.15:/=0.Tm; #F =20k

=20x 10N
We know that tan o= -2 = 10 = (.0637
nd wx350
Let P, = Force required at the end of the lever.

Force required to raise the load

We know that force required at the circumference of the screw,

P=W{miu+¢]=ﬁ'[[mm+m¢]

1 — tan o tan @

0.0637 + 0.15
— 3 —
=20xll [1 —0.0637 xﬂ.li] s
Mow the force required at the end of the lever may be found out by thé relation,
P x]=Pxdf2
Pxd 4314%0.05

P = - =154 N Ans.
Y, Ix 0.7 o

Force required to lower the load
We know that the force required at the circimferénce ofithe screw,

mn@—t&nu]

P=Wan(¢ —@) = m[[ + tan g.tan o

= 20x10° =007 syrion
¥+ 0.15% 0.0637
Mow the force required at the and of the lever may be found out by the relation,

1710 x 0.05
ﬂ':-:F:P‘::-:E G Pt xe al

=Kl N Ans.
k 27 2%0.7

Efficiency of a Screw Jack:

The efficiency of a screw jack may be defined as the ratio between the ideal effort (i e. the
effort required to mowe the load, neglecting friction) to the actual effort (ie. the effort required to
move the load taking friction into account).

We know that the effort required to lift the load (W) when friction is taken into account,

P = Wian (ot + @) [
where o = Helix angle,

& = Angle of friction, and

i = Coefficient of friction, between the screw and nut = tan ¢.

If there would have been no friction between the screw and the nut, then ¢ will be equal to

zero. The value of effort F) necessary to raise the load, will then be given by the equation,
F,=Wiana (i.e. Putting & = 0 in equation (i)]
- Eiffciency, = Idealeffor _Ff,  Wtana _  tana
Actualeffot P Witan(ax+¢) tan(ct+d)
which shows that the efficiency of a screw jack, is independent of the load raised.
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In the above expression for efficiency, only the screw friction is considered. However, if the
screw friction and the collar friction is taken into account, then

Torque required to move the load, neglecting friction
2= Torque required to move the load, including screw and collar friction
L £, xdl2
T Pxdl2+pWR

Note: The efficiency of the screw jack may also be defined as the ratio of mechanical advantage to the
velocity ratio.

We know that mechanical advantage,

- Wx2 "% 2 2
ya T XA Wx !

E~ Pxd Wun(a+6d tn(a+06)d iByinr At 10.17)

= Distance moved by the effort (£ ), in one revolution
Distance moved by the load { W), in one revolution

and velocity ratio, VR

2l 3ml 21
p tanoxmd tanoxd S tan o = pind)
_ M4 2] Janoxd  anxo
- Efficiency, n VR otan(o + o) 21 tan (of + &)

Maximum Efficiency of a Screw Jack:

We have seen in Art. 10.20 that the efficiency of a screw jack:.

Sin o
_ lano D cos@ oS otx cos(o+ )
= tan (ov+ @) S0 + 9}~ cos o % sin (ot +8) i)
Cos (o £0)

2 sin o X eos (o 440)

T 2 cos Bl sin f00 + B)

+(Multipl¥ing the numerator and denominator by 2)
sin (204 ¢) - sin ¢ "
- sin{20 + @)+ sin ¢ -:eh¥F)

[ 2sin Acos B=sin(d+ B)+sin(4d—- B'j]
2cos Asin B=sin(4d +8)—sin{A4d—-R)

The-efficiency given by equation (i) is maximum when sin (200 + @) is maximum, i.e. when
sin(2o0+¢)= 1 or when 2o+ ¢="90°
2o0 = W'—d or a=453"-0/2
Substituting the valugof 2 o in equation (i), we have maximum efficiency,
_sin(90° -9+ 9)—sing _ sin9°—sing 1-sind
 Sin(90° —0+6)+sin® sin90°+sing | +sinod

RIOE

Example 10.10. The pitch of 50 mm mean diameter threaded screw of a screw jack is 12.5
mm. The coefficient of friction between the screw and the nut is 0.1 3. Determine the torgue required
on the screw 1o raise a load of 25 kN, assuming the load to rotate with the serew. Determine the ratio

of the torgue required to raise the load (o the torgue reguired to lower the load and also the efficiency
of the machine.
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Solution. Given : d=50mm ;p=125mm; ;p=tandp=0.13 ; W=25kN=25 = 10° N

p _ 125

= = (.08
nd mwmx50

We know that, tan of =

and force required on the screw to raise the load,

P=Wmn{u+¢}=w[ma_mu]

l 4 tan ¢ tan o

_ 25 5 10| 008 +0.13
Sz 1—0.08x0.13

}z 5305 N

Torgue regquired on the screw
We know that the torque required on the screw to raise the load,
T, =P =df2=5305 = 50/2 =132 625 N-mm Ans.
Ratieo of the torgues required o raise and lower the load
We know that the force required on the screw to lower the load,

P:IFtsn{d;-—cx}:Li’[ i “}

1 4+ tan d.tan o

0.13 + 0.08
1 + 0,13 = 0.08

=35:-<1{F{ j|:ll_‘+?N

and torgue required to lower the load
T,=Pxdf2 = 1237 = 50/2= 30 905 N«pim

. Ratio of the torgues required,

=T, /T, = 132625/30925= 4.3 (Ans.

Efficiency of the machine

We know that the efficiency,

/ tan o o otan effl — tanpdtan ¢)  0.08(1— 0.08 x 0.13)
tan (ot 4 &) tan of + tan ¢ 0.08 +0.13

= 0.377 = 37.7%  Ans.

Rolling friction:

When a cylinder rolls over a flat surface, it W

makes a line contact parallel to the axis of |

the cylinder, and when a sphere roll, over a V.ol B

flat surface it makes a point contact there is |'Fr f x:

no sliding at the point or line contact there "H._\ o %fr |
is no sliding at the po6int or line contact. Ciicdstr = Ll
Bearings:

The word bearing is derived from the verb “to bear”. A bearing is a machine element
that allows one part to bear another. Bearing is a mechanical element that permits
relative motion between the two parts, such as the craft and the housing with minimum
friction.

The main functions of bearings are

e The bearing ensures free rotation of the shaft or the angle with minimum friction.
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e To support rotating parts (the shaft or the axle) of a machine and holds it in the
correct position.

e To bear radial and thrust load that act on the shaft or the axle and transmits them
to the frame and foundation.

The main applications of bearings are

Rolling contact bearings Sliding contact bearings
e Machine tool spindles e Crank shaft bearing in diesel and
e Automobile front or rear axles petrol engines
e Gear boxes e Steam and gas turbines.
e Small size electric motors e Concrete mixtures
e Rope sleeves, crane hooks and e Rope conveyors

hoisting drums.
Classification of Bearings:
A. According to Friction:

1. Friction bearing:

e As the name implies, in this bearings the bearing surface is in contact with moving
surface or the shaft which produces more friction.

e These bearing are made up of cast iron, bronze, brass, babbit and white metal having
hollow round shape.

e Lubricant is used for slow moving and heavy weighted running on shaft.

e These bearings to support crack shaft, rocker arm of IC engine.

a) Solid bearings:

e These are made up of cast iron or bronze
in the form of bush and press-fitted in
fabricated or cast iron -housings.

e This is used for small and light shafts
moving at low speed.

e A hole is provided on its face of
lubrication.

b) Split bearings:

e Split bearings have an arrangement of
split.

e Split bearings are made in halves and
assembled in special plumber blocks.

e It has collar on its external surfaces and
also made in two parts.
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¢) Self-aligning bush bearings:

e [t consist mainly two parts. The first one
is cast iron block and other is bush.

e These bearing bush are made up of brass
or any other soft material in round
shape.

e To protect it from moving, a screw is
fixed at one end and this screw is fixed
half to the bush and half in block.

d) Adjustable slide bearings:

e [t can adjust the tightness between
bearings and the shaft.

e This type of bearing has provision for
wear adjustment.

e The bearing is fitted in the tapered hole
of the housing for adjustment of wear.

e The bearing is drawn inside by means of
a slotted ring nut.

Advantages of Friction bearing: e They can cope with tapped to the

e Friction bearings are cheap to produce foreign mater.

and have noiseless operation. Disadvantages of Friction bearing:

e They can be easily machined, occupy
small radial space and have vibration
damping properties.

e [t damages machines.

e [trestricts early movement of machine

e [t produces a lot of heat energy.

2. Anti-friction bearing:

e The main purpose of these bearings is to minimize the friction in bearing.

e Due to this reason, the speed of an object increases and friction and temperature

decreases.

e Such bearing have long life.

a) Ball bearings:
A ball bearing is a rolling element bearing that use ball to maintain the separation
between the bearing races.

i.) Single row Ball bearings:
These bearing have only one groove cut in outer and inner rings with the ball in identical
line.
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ii.) Double row Ball bearings:
These bearing have two grooves cut in inner and outer ring lie in two rows of the bearing.

iii.)Self-aligning Ball bearings:
These bearings can withstand with journal loads. These loads are generally inclined due
to shaft misalignment. These types of bearings have a spherical bore on the-outer race.

iv.) Angular contact Ball bearings:
These bearings are designed to take an axial thrust as well as radial loads.

v.) Thrust Ball bearings:
These bearings are useful for taking vertical thrust load but cannot take any radial load.
Some special thrust bearings are available which can also take horizontal end thrust.

b) Roller bearings:
e Roller bearings are available with the grooved race in the outer and inner members.
e Roller bearings are capable of carrying the journal (radial) loads.
e [t can work with greater load than ball bearings.
i.) Self-aligning roller bearings:
These bearings are self-adjustable and.it is not affected by non-centering of shaft
deformation flexure of shaft and bearing block, so it can compensate the concentricity
error caused by these reason.

ii.) Tapered roller bearings:
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These bearings are used to take thrust only one direction. For opposing thrust, the
bearings must be mounted in opposite pair. Tapered roller bearings are mainly used for
high axial thrust loads.

iii.)Needle roller bearings:
These types of bearings have very small roller diameter. Rolling element is called needle
roller. Needle roller bearings are used where the outside diameter of bearing restricted
due to limited bearing space in the housing. The needles fitted in a circular cage which
is push-fit in its housing.

iv.) Cylindrical roller bearings:
These bearings are used in such places, where more load is to be bear. These are made
of hollow cylindrical roller.

v.) Barrel roller bearings:
The roller fitted in this type of bearing has barrel shape. Its diameter up to full length is
uneven. These bearings are self-alignment type bearing, so due to this reason, it has no
difficulty to maintain shaft in‘straight line.

vi.) Spherical roller bearings:
These bearings are used in such places, where chance of angular condition in shaft may
be possible. In these bearings, rollers are fitted in ball cage in such a way that in angular
condition, in inner and outer race, the energy transfer can be possible in full capacity.

Advantages of Friction bearing: Disadvantages of Friction bearing:
e Special shielded bearing does not e Initial cost is usually high.
required lubrication again. e Greater diameter space required for
e [t is easy to replace. comparable shaft diameter.
e It has very long life and has very less e Dirt, metal chips and so on, entering
friction. the bearings can Ilimit their life
e [t casily operates on high speed and causing early failure.
required less lubrication. e Lesser capacity to withstand shock.

B. According to the load:
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1. Radial or journal bearing:

In this type of bearing, the loading is at right angles to the bearing axis, such that bearing
is installed perpendicular to the axial line of the shaft.

2. Thrust bearing:
In these types of bearings, the loading is parallel to the bearings axis and collar is used
to rotate the shaft at one position.

3. Pivot bearing:

These bearings are used to the give support to the shaft in stationary position wherever
bearings are in parallel to the axis of the shaft and one edge of the shaft is in the inside
of the bearing. These bearings are also known as foot bearing.

4. Slipper bearing:
These bearings provides supports to the moving part or part in the straight line such as
cross head which in used in steam engine.

C. According to theload:
1. Flat shape bearing:

These types of bearings are flat in shapes which provide support to the sliding parts.
Therefore, these bearings are also called slide bearing or guide bearing such as the
movement of carriage on lathe bed.

2. Round or cylindrical bearing:
These bearings are in round shape which provides support to the moving parts as in case

of solid bearing, ball bearing or roller bearing.

Ball bearing and Roller bearing
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QOuler race
Haller

Gage "-\__‘_\‘

Ll
I

Inm@r race

L~

I
—l e

5 —

e Inner race is moving

e Quter race is stationary

e Anti friction element i.e. ball/roller/needle

e Cage which separates the balls or rollers from each other.

Pivot Bearing:

The rotating shafts are frequently subjected to axial thrust. The propeller shafts of
ships, the shafts of steam turbines, and vertical machine shafts are examples of shafts
which carry an axial thrust. The bearing surfaces placed at the end of a shaft to take the
axial thrust are known as pivots.
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7 .-__..-:_-.___, ] .I..-.__z'.-__.-'.-_;!-‘.' :__.I'I?".I:: f‘-"‘j_.-.r_.l;:_-. .-___.-' ___.-'.-__. s 7
v 7 fffy :j;,-;‘f{; ) ,,;, i f:’;ﬂ
1 # i P o ,-'"' ,.-” _,-"'__.-".-f
.-’('/f'.-'_.-";.-";_-';_-":-..-' g II_?;"{"" "/.f;”!.r ""'f-"'"-.-"",-"":'"'a""' .-".-"',-";-:ffi
.-' & .-' -"'--. 4
I f;ﬁ/ﬁ ,-"r,a
(a) Flat pivot. (&) Conical pivot.  (c) Truncated pivot.

A little consideration will show that in a new bearing, the contact between the
shaft and bearing may be good over the whole surface. In other words, we can say that
the pressure over the rubbing surfaces is uniformly distributed. But when the bearing
becomes old, all parts of the rubbing surface will not move with the same velocity,
because the velocity of rubbing surface increases with the distance from the axis of the
bearing. This means that wear may be different at different radii and this causes to alter
the distribution of pressure. Hence, in the study of friction of bearings, it is assumed that

1. The pressure is uniformly distributed throughout the bearing surface, and
2. The wear is uniform throughout the bearing surface.

Flat Pivot Bearing:
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When a vertical shaft rotates in a flat u = Coefficient of friction.

pivot bearing (known as foot step bearing), , /dr
as shown in Fig. 10.17, the sliding friction ﬁ“\tL\__
will be along the surface of contact between A N A
. | |
the shaft and the bearing. L
| W
— . | |
Let ' W = Load transmitted over the — Y777 , - Shatt
bearing surface, S
N\ N
R = Radius of bearing surface, NN
i \\\\\ \ . Fat pivot
p = Intensity of pressure per unit area \\\%\\\\ 3 \\ikb“’ bearing

of bearing surface between rubbing

surfaces, and 7
bearing.

We will consider the following two cases:
1. When there is a uniform pressure:

When the pressure is uniformly distributed over the bearing area, then
W

=

P=
nR-

Consider a ring of radius r and thickness dr of the bearing area.
. Area of bearing surface, 4 = 2mrdr
Load transmitted to the ring,
OW'=pxA=@%2xrdr
Frictional resistance to sliding on the ring acting tangentially at radius r.
F =poW <p * 2n rdr = 21 Wp.r.dr
.. Frictional torque on the ring,

IF=Fxr=2rluprdr*xr=1mup  dr

Fig. 10.17. Flat pivot or footstep

()

..

Integrating this equation within the limits from 0 to R for the total frictional torque on the

pivot bearing,

R R
". Total frictional torque, 7 =I 2nppre dr =2mp pI r* dr
L] 0
3 P 3
. R 2
:Enpp[’_-‘ =2nup>{—:—xnu.p_ﬁ’3
3 b 3 3
5 ;
= XU X Hrj x R? =£>€u.ﬁ*’.R
3 TR 3
When the shaft rotates at w rad/s, then power lost in friction,

P =T.ow=Tx2xN/60
where N = Speed of shaft in r.p.m.

2. When there is a uniform wear:
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We have already discussed that the rate of wear depends upon the intensity of pressure (p) and
the velocity of rubbing surfaces (v). It is assumed that the rate of wear is proportional to the product
of intensity of pressure and the velocity of rubbing surfaces (f.e. p.v.). Since the velocity of rubbing
surfaces increases with the distance (i.e. radius ) from the axis of the bearing, therefore for uniform
wear

pr =C(aconstant)y or p=C/r
and the load transmitted to the ring,
oW = p x 2mr.dr ...[From equation (i)]

C
= _xX2nrdr=2rCudr
-

.. Total load transmitted to the bearing
R W
W = J- 2 Cdr =2n C[;]f =2nC.R or C=—
4 R
We know that frictional torque acting on the ring,

-2

. C .. 5 C
L =2Ampproodr =2Inu X — X T dr [ pP= —]
r r
=2 w.Cr dr ...(iii)
~. Total frictional torque on the bearing,
R S
T=[2rpCrdr= 2r:p.r:[L]
0 2 1
2 v R’ o
= z_n}_l.(_ b4 s = '.'I:]J.LR
W 2 1 -
= T X 2R =X WHIR A=
2n R 2mR

Example 10.16. A vertical shaft 150 myivin diafiteter rétating at 100 r.p.m. rests on a flat end
footstep bearing. The shaft carries a vertical Yoad of 20 kN. A ssuming uniform pressure distribution
and coefficient of friction equal 1o 0,03, estimate power dost in friction.

Solution. Given : D= 150 mm or R =75 mm=0.075 m ;N =100 rp.m or =2 xt * 100/60
= 1047 rad/s ; W =20kN =20 = 10° N; i = 0.05

We know that for uniform pressure distribution, the total frictional torque,
N = % BLW.R = % % 0.05 % 20 x 10* x 0.075 = 50 N-m

.. Power lost inyiction,
P=T.wo=50x1047 =523.5 W Ans.

Conical Pivot Bearing:

The conical pivot bearing supporting a shaft iw
carrying a load W is shown in Fig. 10.18. S snat
Let P,= Intensity of pressure normal to the 4 8. | Eaaring
cone, /f';f o
o = Semi angle of the cone, Pr zm\‘i}ﬂ’
r——

u = Coefficient of friction between :

s

the shaft and the bearing, and g \}
R = Radius of the shaft. A\ .Nd,
Fig. 10.18.

Conical pivot bearing.
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Consider a small ring of radius r and thickness dr. Let dl is the length of ring along the
cone, such that

dl = dr cosec a
=~ Area of the ring, A =2mur.dl = 2xr.dr cosec o ...( dl = dr cosec a)
1. When there is a uniform pressure:
We know that normal load acting on the ring,
oW, = Normal pressure x Area

= p, X 2mr.dr cosec a.
and vertical load acting on the ring,
OW = Vertical component of 6W =W _sin o
=p, ¥ 2mr.dr cosec o. sin ot = p_ % 2; rdr

.. Total vertical load transmitted to the bearing,

-

R 2
W= p,x2nrdr =2Trpn|Ll =2np, x‘%: nR’.p.
0 &

or p, = Hr"fTER:
We know that frictional force on the ring acting tangennally at-radius r,
o, i i | . o i " i
F =pd8W =up 2urdrcosec oo =2 p coSec or.dr
and frictional torque acting on the ring;

T =F Xrz2nU.p cosee Qrdr X r=2nL.p cosec oL dr

Integrating the expression within the limits from O to R for the total frictional torque on the
conical pivot bearing.

*. Total frictional torgque,

R s
T'= jz T L p -~ Cosec or? dr =2 Tl p .cosec u[L]
o 3 -1
R® 2nR
= 2W.p_.cosec oL X . 3 X W.p, .cosec o D)

Substituting thevalue of p_ in equation (i),

2R’

2
X cosec o0 = — X W .R. cosec o

T A |

2

Mote : If slant length (/ ) of the cone 1s known, then

.
= Ex wwi ~{~ I =R cosec d)

2. When there is-a uniform wear:

In Fig. 10.18, let p, be the normal intensity of pressure at a distance r from the central
axis. We know that, in case of uniform wear, the intensity of pressure varies inversely
with the distance.

prr = C (a constant) or p, = C/r,
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and the load transmitted to the ring,

SW = p_x2mrdr = € X 2mr.dr = 2nC.dr
r

.. Total load transmitted to the bearing,

B
w = [ 2rCadr = 2rC [/1f = 2RC.R or C=%
4]

We know that frictional torque acting on the ring,

o 3
T =2mn.p .cosec otrtdr = 2mu x — x cosecorr’ dr
r - r

= 2w.C.cosec oLr.dr

.. Total frictional torque acting on the bearing,

R "
T = I 2x uC cosec oLr.dr = 2xp.C.cosec u[’_]
0 2 1y
2
= 2n pC.cosec oL X i = w.Ccosec oL R”

Substituting the value of C, we have

5 1 1
F=mux — xcosec LR = — xuW.R cosec o0 = — = uwW.f
H 2R 2 e 2 I

Example 10.17. 4 conical pivot supports qlcggd of 20 kN, the cone angle is 120° and the
intensity of normal pressure is not to exceed 0.3 Nimm~. The exterindl diametér is twice the internal
diameter. Find the outer and inner radii of the béuring surface_If'the shafi rotates at 200 rp.m. and
the coefficient of friction is 0.1, find the powertubsorbed infFiction. Assume uniform pressure.

Solution. Given : W =20 KN=20 x 303N ; 20 = 120° or o = 60°; p,=0.3 N/mm’ ;
N =200 r.p.m. or =2 1 x 200/60 = 20.95 rad/s ; p=0.1
Outer and inner radii of the bearing surfdace

Let  r, and r, = Outer and inner radii of the bearing surface, in mm.

Since the external diameter.is twice the internal diameter, therefore
r,=2r,

We know that intensity of nofmal pressure ( p,_),

w 20x10°0 2.12x10°

Od= = = = = -
nl(n) =] ®(2r)" —(r,)7] ()
() =2.12x10°/03=7.07x10° or r, =84 mm Ans.
and ry,=2r,=2x84=168 mm Ans.
Power absorbed in friction

We know that total frictional torque (assuming uniform pressure),

T T 3
T:Exp,w.cusecu “'}1—{?2},_,
3 (1) = ()"

3 3
=2,00.1x20 x 10° x cosec 60° = M N-mm
3 (168)% — (84)
= 301760 N-mm = 301.76 N-m

. Power absorbed in friction,
P=T.w=301.76 x2095=6322 W =6.322 kW Ans.

49


DELL
New Stamp


Example 10.18. 4 conical pivot bearing supports a vertical shaft of 200 mm diameter. It is
subjected to a load of 30 kN. The angle of the cone is 120" and the coefficient of friction is 0.025.
Find the power lost in friction when the speed is 140 r.p.m., assuming 1. uniform pressure ; and
2. uniform wear:

Solution. Given : D=200mmor R=100mm=0.1m; F=30kN=30x 10®° N:;2 a=120"
orot==60"; u=0.025 ; N= 140 cp.m. or =2 1t * 140/160 = 14.66 rad/s

1. Power lost in friction assuming uniform pressure
We know that total frictional torque,

T = % ® WW.R. cosec ot

% 0.025 % 30 x 10 x 0.1 % cosec 60° = 57.7 N-m

i | 13

-. Power lost in friction,
P=Tw=577 = 14.66 = 346 W Ans.
2. Power lost in friction assuming uniform wear

We know that total frictional torque,

1
T=5 > W .R. cosec o

1
= E % 0.025 % 30 % 10° % 0.1 x cosée 60° = 43.3 N-m

Power lost in friction, P=T.=43.3 = 14.66 = 634.8 W Ans.

Flat Collar Bearing:

We have already discussed that collar A=7[(r)? — (r)’]
bearings are used to take the axial thrust of ” W
the rotating shafts. There may be a single l T O ¢ "

. . FENEC Pt

collar or multiple collar bearings as shown il | .
in Fig. 10.20 (a) and (b) respectively. The LA cotar 7 | j.///?,
collar bearings are also known-as thrust | ¥ A | 5
bearings. | \ 8 '~|_—r1—'-?

Consider a single flat collar bearing | | i g
zz)pporting a shaft as shown in Fig. 10.20 = | r I:/dr I["‘,/ 0

Let r; = External radius of the collar, and

r>= Internal radius of the collar.
{(a) Single collar bearing (&) Multiple collar bearing.

~ Area of the bearing surface, Fig. 10.20. Flat collar bearings.

1. When there is a uniform pressure:

When the pressure is uniformly distributed over the bearing surface, then the intensity
of pressure,
w W

T n[r) —(r,)’] =4
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We have seen in Art. 10.25, that the frictional torque on the ring of radius rand thickness dr,
T =2 T pr’ dr
Integrating this equation within the limits from r, to », for the total frictional torque on the
collar.

.. Total frictional torque,

r

1 3 3
1= Ir' 2nppr’dr = 2npp I:%] = EE[.LP[M]
r 3

r‘!

Substituting the value of p from equation (7).

3
T =2mp X qW - [{ﬁ)}_{’"g} ]
“[{ﬂ‘r = {-rg];] 3

3 3
_ EK W (n }1 _{rl}q
3 (n) — ()"

Notes: 1. In order to increase the amount of rubbing surfaces so as to reduce the intensity ‘of pressure, it is better
to use two or more collars, as shown in Fig. 10.20 (&), rather than one larger collar.

2. In case of a multi-collared bearings with, say # collars, the intensity of the uniform pressure,

- Load s W
Mo. of collars * Bearing area of one'cellar _n w[(r T (7 f]

P

3. The total torgue transmitted in a multi collared shaft remains constant i.e.

2. Considering unifrom wear
We have seen in Art. 10.25 that the load wansinitted on the ring, considering uniform wear is,
, C
oW = p 2meidr = —32mrdr = 2rC.dr
2

-. Total load transmittedtocthe collar,
W= " 2nCdr =2nClY} =27C (5 — 1)

_ W
or " 2n(f, — 1) (i)
We also know that frictional torque on the ring,
U =woWr=ux2nCdrr=2rpCrdr

.. Total frictional torque on the bearing,

i 2 i
T = j 2RUC.r.dr = Emt*["?]

% r,
=muCl(n)’ — ()]
Substituting the value of C from equation (if),

2

W 2 2,_ 1
T= R — I — | -_—_ - r r
ﬁllxzﬂrl —rz][{'} ()] EKHH{H‘ 53

51


DELL
New Stamp


Example 10.19. A thrust shaft of a ship has 6
collars of 600 mm external diameter and 300 mm internal
diameter. The total thrust from the propeller is 100 kN. If
the coefficient of friction is (.12 and speed of the engine
90 r.p.m., find the power absorbed in friction at the thrust
block, assuming L. uniform pressure ; and 2. uniform §
wear

Solution. Given : n=6;d, = 600 mm or r; =300
mm ; d, = 300 mm or r, = 150 mm ; W = 100 kN
=IDE]><ID3N'p 0.12 ; N = 90 r.p.m. or
w=2mn = 90/60 =9.426 rad/s

1. Power absorbed in friction, assuming uniform
pressure

We know that total frictional torque transmitted,

2 {f} = ()
T==Sx i L L

it ’u Y- () ]
(300)° — (150)°
(300)* — (150)°

=%x0,12xm{)xi{}3[

] = 2800 x 10> Nmm

= 2800 N-m

. Power absorbed in friction,
P=Tw=2800x9426 = 26400 W = 264 KW Ans.

2. Power absorbed in friction assuming uniform wéar

We know that total frictional torque transmmitted,
1 I
= XHW (4 r ) =% 0012 % 100 10° (300 + 150) N-mm

= 2700% 10" N-mm =2700 N<m
. Power absorbed in frietion,
P=Twm= 2700 %9426=25 450 W= 2545 kW Ans.

Example 10.20. A shaft has gatwmber gf a collars integral with it. The external diameter c.:-f
the collars is 400 mmand the shafi.diemateris 250 mm. If the intensity of pressure is (.35 Nfmm?®
(uniform) and the coefficient of “friction is 0.05, estimate - 1. power absorbed when the shaft runs at
105 rp.m. carrying a load of 150 kN ; and 2. number of collars required.

Solution. Given ;"= 400 mm or r, = 200 mm ; d, “-ZSD mm or r, = 125 mm ; p=0.35
N/mm? ; W= 0.05 ; NﬁIGSrpmcrm szlﬂifﬁﬂ_llradfs =150KkN=150x 10° N

1. Power absorbed
We know that for uniform pressure, total frictional torque transmitted,
N3 pond _
T=E><|,LH' M =Exu_g5x 150 x 107 M N-mm
3 (n) —(5) | 3 (200)" — (125)°
= 5000 x 248 = 1240 x 10° N-mm = 1240 N-m
~. Power absorbed,

P=Tw=1240x11=13640 W =13.64 kW Ans.

2. Number of collars required
Let n = Number of collars required.
We know that the intensity of uniform pressure ( p),

3
035 = W - 150 < 10 _1.96

nal(n) — ()] nx[(200)° 4125)3]_ n

n=196/0.35=5.6 say 6 Ans.
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Friction Clutches:

A friction clutch has its principal application in the transmission of power of shafts and
machines which must be started and stopped frequently. The force of friction is used to start
the driven shaft from rest and gradually brings it up to the proper speed without excessive
slipping of the friction surfaces. In automobiles, friction clutch is used to connect the engine to

the driven shaft. It may be noted that

The contact surfaces should develop a frictional force that may pick up and hold the load

with reasonably low pressure between the contact surfaces.

minimum.

distribution of pressure.

The heat of friction should be rapidly dissipated and tendency to grab should be at a

The surfaces should be backed by a material stiff enough to ensure a reasonably uniform

The friction clutches of the following types are important from the subject point of view:
a) Disc or plate clutches (single disc or multiple disc clutch),

b) Cone clutches, and
¢) Centrifugal clutches.

1. Single Disc or Plate Clutch:

A single disc or plate clutch, as shown in Fig.
10.21, consists of a clutch plate whose both
sides are faced with a friction material
(usually of Ferrodo). It is mounted on the hub
which is free to move axially along the splines
of the driven shaft. The pressure plate. is
mounted inside the clutch body which is
bolted to the flywheel. Both the pressure plate
and the flywheel rotate with the engine
crankshaft or the driving shaft. The pressure
plate pushes the clutch plate: towards the
flywheel by a set of strong springs which are
arranged radially inside the body. The three
levers (also known <as release levers or
fingers) are carried on pivots suspended from
the case of the body. These are arranged in
such a manner so that the pressure plate
moves away from the flywheel by the inward
movement of a thrust bearing. The bearing is
mounted upon a forked shaft and moves
forward when the clutch pedal is pressed.
When the clutch pedal is pressed down, its
linkage forces the thrust release bearing to
move in towards the flywheel and pressing the
longer ends of the levers inward. The levers
are forced to turn on their suspended pivot and
the pressure plate moves away from the
flywheel by the knife edges, thereby

53

compressing the clutch springs. This action
removes the pressure from the clutch plate and
thus moves back from the flywheel and the
driven shaft becomes stationary. On the other
hand, when the foot is taken off from the
clutch pedal, the thrust bearing moves back by
the levers. This allows the springs to extend
and thus the pressure plate pushes the clutch
plate back towards the flywheel.

Clutch plate with
friction lining
Flywheel ™, '.ll/ Body
/' Sprin i
4 \ Y e e
v
Crank—
shaft \
.8
—Pressure plate
Hu
o e / /Thrusl
" ¥ bearing
N
a=—" 7 \
Driving—/ T . ‘;__ L— Driven shaft
o )
shaft [ T "—nRelease lever
— {Withdrawl finger)
nife edge

Fig. 10.21. Single disc or plate clutch.
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The axial pressure exerted by the spring provides a frictional force in the circumferential
direction when the relative motion between the driving and driven members tends to
take place. If the torque due to this frictional force exceeds the torque to be transmitted,
then no slipping takes place and the power is transmitted from the driving shaft to the
driven shaft.

Now consider two friction surfaces, maintained in contact by an axial thrust W, as shown
in Fig. 10.22 (a).

Let T = Torque transmitted by the clutch,
p = Intensity of axial pressure with which the contact surfaces are held
together,
r; and r, = External and internal radii of friction faces, and
u = Coefficient of friction.
Consider an elementary ring of radius r and thickness dr as shown in Fig. 10.22 (b).

We know that area of contact surface or Singladist
friction surface, =5

=2nmrdr >

~ Normal or axial force on the ring,

OW = Pressure X Area =p X 2 wr.dr

and the frictional force on the ring actin L e
' . : ¢ \“/F;::tion
tangentially at radius r, Friction

Fo=u.oW=up x2mrdr ) ()

Fig. 10.22. Forces on a single disc or plate clutch.

=~ Frictional torque acting on the ring,

T,=Fxr=up x2ardrxr=2gxu.pr’dr

1. Considering uniform pressure

When the pressure is uniformly distributed over the entire area of the friction face, then the
intensity of pressure,

W
2 z

l(rn) — ()]
where W = Axtial thrust with which the contact or friction surfaces are held together.

P

we()

We have discussed above that the frictional torque on the elementary ring of radius r and
thickness dr is
=
T = 2% Wpr dr

Integrating this equation within the limits from r, to r, for the total frictional torque.

-. Total frictional torque acting on the friction surface or on the clutch,

(n) — t@f]
3

*i

T = j 2rppr dr=2 npp[%] = Enj.lp[

=
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Substituting the value of p from equation (7),
W Lo Y= ()
n[(r)* — ()] 3

3 3
=§><|LH’|:“” — (1) ]=u—WR

T=2mnx

(r) — ()’

where R = Mean radius of friction surface

_2| () - )
31 () — ()

2. Considering uniform wear

In Fig. 10.22, let p be the normal intensity of pressure at a distance » from the axis of the
clutch. Since the intensity of pressure varies inversely with the distance, therefore

p.r.=C (aconstant) or p=Cir ()

and the normal force on the ring,

T

W = p2mr.dr = £ %2 Cdr =2rC.udr

¥
.. Total force acting on the friction surface,

W = j 2RCdr=2nC[r]! =2rC>H — 1)

Lo

W
or e
2 ":':’3 - rz]
We know that the frictional torque acting on. the ringg
= ZEI.,I_.FI rdr = 2ot < E ¥l dr= 2ep.Crdr
r
vk p=0C0r)
. Total frictional torque on the friction sarface,
5 \ N2 X 2
e =zmc[u]
v ; 2 1y 2
=t Gl —5)7 ] = mp'x L[‘r' 2 - ()]
1 2 2 — ) b 1 2
I
=-E by I-L—W“"l +r) = W R
A S Rtr
where & = Mean radius of the friction surface = =

2

Notes : 1. In general, total/frictional torque acting on the friction surface (or on the clutch) is given by
T =npnWR

where n = Number of pairs of friction or contact surfaces, and

R ="Mean radius of friction surface

_20 ) - () -
3 —[-". }: -{G)E ...{For umiform pressure)

_hth
2

1. Forasingle disc or plate clutch, normally both sides of the disc are effective. Therefore, a single disc
clutch has two pairs of surfaces in contact, f.e.n =2.

...{ For uniform wear)

3. Since the intensity of pressure is maximum at the inner radius (r;) of the friction or contact surface,
therefore equation (i) may be written as

P *H=C or p_ . =Clr

4. Since the intensity of pressure is minimum at the outer radius (r,) of the friction or contact surface,
therefore equation (f) may be written as

-pmin x rl =L or Pml'n = Crll||".I
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5. The average pressure ( p, ) on the friction or contact surface is given by

_ Total force on friction surface _ W
~ Cross-sectional area of friction surface  nf(7)* = (#,)*]

6. In case of a new clutch, the intensity of pressure is approximately uniform but in an old clutch the
uniform wear theory is more approximate.

Fl!k'

7. The uniform pressure theory gives a higher frictional torque than the uniform wear theory. Therefore
in case of friction clutches, uniform wear should be considered, unless otherwise stated.
Example 10.22. Determine the maximum, minimum and average pressure in plate clutch
when the axial force is 4 kN. The inside radius of the contact surface is 50 mm and the ouiside radiis
is 100 mm. Assume uniform wear.

Solution. Given: W =4 kN =4 x 10° N ;r, = 50 mm ; r, = 100 mm
Muaximum pressure

Let P,.. = Maximum pressure.

Since the intensity of pressure is maximum at the inner radius (r;), therefore

Poox 1, =C or C=30p_
We know that the total force on the contact surface (),
4x10° =2nC(r,—-n)=2nx50p (100<50)=15710p

=4 % 10%/15 710 = 0.2546 N/mm’ Ans.

[t Ay

Pﬂ'hl'l'
Minimum pressure

Let P,.. = Minimum pressure.

Since the intensity of pressure is minimum at the guter radins (r, ), therefore

P.,*n=¢C o C=100p .
We know that the total force on the contact Surface( ),
4x10° =2nC(r,—r,) =2 = 00 p . (100 —50)=31420p .
Prin =4 % 10°/31 420 = 01273 N/am” Ans.
Average pressiure

We know that average pressure,

__ Total noomial fgtce on contact surface
Pav = Cross-Sectional area of contact surfaces
- W - 4 x10°
w(r)? —6,)°1  w[(100)* — (50)%]
Example 10.23. 4 sirigle plate clutch,/ with both sides effective, has outer and inner
diameters 300 mm and 2000mm respectively. The maximum intensity of pressure at any point in the

contact siﬂ_'ﬁléé is not !q_&;rcéed 0.1 Nfmm?2. ,{f.rhe' coefficient of firiction is 0.3, determine the power
transmitted by a clutchal a speed 2500 r.fp.m.

= 0.17 N/mm> Ans.

Solution. Given : il = 300 mm or ri= 150 nun;d2=2{]{)rnm0rr2= 100 mm ; p=0.1 Nimm?
w=03; N=2500 rp.m. or =21 x 2500/60 = 261.8 rad/s

Since the intensity of pressure ( g) is maximum at the inner radius (r,), therefore for uniform
wear,
pary=C or C=0.1x%100=10N/mm
We know that theaxial thrust,
W=2rC(r,—r,)=2mx 10 (150 —100) = 3142 N
and mean radius of the friction surfaces for uniform wear,
r

i +7 _150+100

2 2
We know that torque transmitted,

T=np WR=2x03x3142 x 0.125 =235.65 N-m
-« m =2, for both sides of plate effective)

=125 mm =0.125m

.. Power transmitted by a clutch,
P=T.wo=23565 = 261.8=061 693 W =61.693 kW Ans.
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2. Multiple Disc or Plate Clutch:

A multiple disc clutch, as shown in Fig. 10.23, may be used when a large torque is to be
transmitted. The inside discs (usually of steel) are fastened to the driven shaft to permit
axial motion (except for the last disc). The outside discs (usually of bronze) are held by
bolts and are fastened to the housing which is keyed to the driving shaft. The multiple
disc clutches are extensively used in motor cars, machine tools etc.

Let

n; = Number of discs on the driving shaft, and
n, = Number of discs on the driven shaft.

Number of pairs of contact surfaces,

n=mn, +H2—1

and total frictional torque acting on the friction surfaces or on the clutch,

where

'=npW.R
R = Mean radius of the friction surfaces
2|y )
3| ¢ r }1 B “,j }_‘-' sfFor uniform pressuare)
n + ry

= a -..{For uniform wear)

£
a"-

Qutside discs
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L
i

.E\T
w3
o
p
=]
(s}

Inside discs

|

A

i

]
U

W
&
R‘.

i Feather
s f KE}"

i Sty T AN TR :
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Driving abiadt

shaft /

Figz. 10.23. Multiple disc clutch.

Example A0:28. 4 multiple disc cluteh has five plates having four pairs of active friction

surfices. If the intensity of pressureis not to exceed 0.127 N/mm?®, find the power transmitted at 500
rpim. The outer and inner radii 6f friction surfaces are 125 mm and 75 mm respectively. Assume
uniform wear and take coefficient of friction = (. 3.

Solution. Given : n{ +n, =5 ;n=4; p=0.127 N/mm? ; N = 500 r.p.m. or @ = 21 x 500/60

=524rad/s ;= 125mm ;rn,=75mm ;=03

Since the intensity of pressure is maximum at the inner radius r,, therefore

pay, =C or C=0.127 x 75 =9.525 N/mm

We know that axial force required to engage the clutch,

W=2nC(n—r)=2x=x9525(125-75)=2990 N

and mean radius of the friction surfaces,

n+n 125475

R=12 =100 mm=0.1m

We know that torque transmitted,

F=npWR=4=x03=x2990x 0.1 =358.8 N-m

.. Power transmitted,

P =Tw=3588x524=18 300 W=188KkW Ans.
57


DELL
New Stamp


Example 10.29. 4 multi-disc clutch has three discs on the driving shaft and two on the
driven shafi. The outside diameter of the contact surfaces is 240 mm and inside diameter 120 mm.
Assuming uniform wear and coefficient of friction as 0.3, find the maximum axial intensity of pres-
sure between the discs for transmitting 25 kW at 1575 rp.m.

Solution. Given :n; =3 ; n,=2 ;d|, =240 mm or r, = 120 mm ; 4, = 120 mm or r, = 60 mm ;
u=03;P=25kW=25 = IDJ’W N'**IE?Srpm orm=2m * I5?5!6D—165radfs
Let T = Torque transmitted in N-m, and

W = Axial force on each friction surface.
We know that the power transmitted (P),
25 x 10 =T.w=Tx 165 or T=25x10%165=151.5N-m
Number of pairs of friction surfaces,
n=mntn=1=3+2=1=4
and mean radius of friction surfaces for uniform wear,

- 4+r 120 + 60
R:J;—= j =90 mm = 0.09 m

“ .

We know that torque transmitted (7 ),
151.5 = nuW.R=4x03 x W x 0.09=0.108 ¥
W = 151.5/0.108 = 1403 N
Let p = Maximum axial intensity of pressure.
Since the intensity of pressure ( p) is maximum at the inner radius {2; ). therefore for uniform
wear
p.ry, = C or C=px60=060pNmm
We know that the axial force on each friction surface ('),
1403 = 2 .C (r; — 1) = 2 > 60p (120 = 60) =22 622 p
p = 1403/22 622 = 0.062N/mm® Ans.
Friction Brakes:
A brake is a device by means of which artificial frictional resistance is applied to a moving
machine member, in order to retard or stop the motion of a machine.
Types of Brakes:
a) Hydraulic brakes e.g. pumps or hydrodynamic brake and fluid agitator,
b) Electric brakes e.g. generators and eddy current brakes, and
c) Mechanical brakes.
Single Block or Shoe Brake:
A single block or shoe brake is shown in Fig. 19.1. It consists of a block or shoe which is
pressed against the rim of a revolving brake wheel drum. The block is made of a softer material
than the rim of the wheel. This type of a brake is commonly used on railway trains and tram
cars. The friction between the block and the wheel causes a tangential braking force to act on
the wheel, which retard the rotation of the wheel. The block is pressed against the wheel by a
force applied to one end of a lever to which the block is rigidly fixed as shown in Fig. 19.1.

The other end of the lever is pivoted on a fixed fulcrum O.
! !

X

———— = — P
7L Fi P £
o ngrdly' *Hn : 2 20 7N

mountad | L —==
Bl \ | r~—Wheel \J Y
| :
{a) Clockwise rotation of brake wheel (6) Anticlockwise rotation of brake wheel.

Fig. 19.1. Single block brake. Line of action of tangential force passes through the fulcrum of the lever.
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Let P = Force applied at the end of the lever, ‘
Rn= Normal force pressing the brake block on =
the wheel, "J’C)\\

r = Radius of the wheel, . \1 § l
20 = Angle of contact surface of the block, :
u = Coefficient of friction, and I l|2{' )
Fi = Tangential braking force or the frictional { i\
force acting at the contact surface of the block L)
and the wheel. w5 ~
If the angle of contact is less than 60°, then it

may be assumed that the normal pressure

between the block and the wheel is uniform. In
such cases, tangential braking force on the

wheel, wheel rim frofm either sidle, friction
Fi=u.Ry (i) between the pads ang4le him converts

and the braking torque, the cycle's kinetic gnergy into heat as
Ip = F.r = u.Ry.r .. (1D) they feduce Iis gReed

Let us now consider the following three cases:

Case 1. When the line of action of tangential braking force (Ft) passes through the fulcrum O
of the lever, and the brake wheel rotates clockwise as shown in Fig. 19.1 (a), then for
equilibrium, taking moments about the fulcrum O, we have

Ryxxz=Pxl o0 R, = Zal
X
. Braking torque,
Pl Plr
TH=I_LHN_P'=|J}C—><J"=M t
X X

It may be noted that when the brake wheel rotates anticlockwise as shown in Fig. 9.1 (b), then

the braking torque is same, i.e.
w.Plr

TD = "I"‘Rh. J=

Case 2. When the line of action of the tangential braking force (Ft ) passes through a distance
a’ below the fulcrum O, and the brake wheel rotates clockwise as shown in Fig. 19.2 (a), then
for equilibrium, taking moments about the fulcrum O,

Pl
R *x+F,xa=Pl or R yxx+uR *xa=Fl or RH=_Y+H-”
. p.d.r
and braking torque, Ty = g e
.1_+l.|..ﬂ'

1
=

—

I
1

T AL R :
\ﬁ, P Ry

<1
Rigidly ——-_\3% -.-__,\_
mounted |5 ‘ £
block '

Wheel

(a) Clockwise rotation of brake wheel. {#) Anticlockwise rotation of brake wheel.
Fig. 19.2. Single block brake. Line of action of F, passes below the fulerum.
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When the brake wheel rotates anticlockwise. as shown in Fig. 19.2 (b), then for equilibrium,

Ry =PI Fya= Pl pkya "o
I B
or R (x—pa)=P. or R, = =
and braking '[l:ll'que, TE = ,-LR'\] = L.IJ'
' x—|a

Case 3. When the line of action of the tangential braking force (F, ) passes through a distance
‘a’ above the fulerum O, and the brake wheel rotates clockwise as shown in Fig. 19.3 (a). then for
equilibrium, taking moments about the fulecrum O, we have

RN-"" - P_!+F! .a=Pl+ LERN-H L. . (#5)
Pl
or R;\' (x—pa)=P~if or RN. = —ila
/ > e ™
- | |
| (N + R\
: B S 2 R/ A P
: ~ LAy o () + A26 L AN
o *t i B \.{\r f
S e S S,
r O
% | a
{a) Clockwise rotation of brake wheel. iH) Anticlockwise rotation of brake wheel.

Fig. 19.3. Single block brake. Line of action of F; passes above the fulcrum.
wPlr
x—|a

Maotes : 1. From above we see that when the brake wheel ratates anticlockwise in case 2 [Fig. 19.2 (/)] and when
it rotates clockwise in case 3 [Fig. 19.3 (4)]. the equations (i) and (i) are same, i.e.
Ry »x=Pl+ yWR_a

From this we see that
the moment of frictional force
(u.R,.a) adds to the moment
of force (P.0). In other words,
the frictional force helps to
apply the brake. Suclviype of
brakes are said to be seff ener-
gizing brakes. When the fric-
tional force is great enough'to
apply the brake with no exter-
nal force; then the brake is said
to be self-locking brake.

From the above ex-
pression, we see that if

x = |ba, then Pwill be negatiyve or equal to zero. This means no external force is needed to apply the brake and
hence the brake is self locking. Therefore the condition for the brake to be self locking is

X =a
The self locking brake is used only in back-stop applications.

and braking torque. Ta=pnRyr=

2. The brake should be self energizing and not the self locking.

3. In order to avoid self locking and to prevent the brake from grabbing, x is kept greater than i . a

4. If A, is the projected bearing area of the block or shoe, then the bearing pressure on the shoe,

Pp=Ryl 4,
We know that A, = Width of shoe = Projected length of shoe = w(2rsin8)

5. When a single block or shoe brake is applied to a rolling wheel, an additional load is thrown on the
shaft bearings due to heavy normal force () and produces bending of the shatt.
In order to overcome this drawback, a double block or shoe brake is used, as discussed in Art. 19.6.
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Example 19.1. 4 single block brake is shown in Fig. 19.5.

The diameter of the drum is 250 mm and the angle of contact is +—200—+= e50 —=
90°. If the operating force of 700 N is applied at the end of a lever
and the coefficient of friction between the drum and the lining is i 5*‘0 == &
(.35, determine the torgue that may be transmitted by the block ek e AL 1By ' 700N
' ' O 202
brake. S o i T e e B
n_ [i25,

Solution. Given : d =250 mm or =125 mm ; 20 =90° _
=n/2rad: P=TOON: n=035 All dimensions in mm.

Since the angle of contact is greater than 60°, therefore Fig. 19.5
equivalent coefficient of friction,

; 4dpusing 4x=0.35xs1n 45"
= - — = =(.385
28+sin20 n/2+s51n90°
Let R, = Normal force pressing the block to the brake drum, and
F, = Tangential braking force = 1Ry

Taking moments about the fulcrum O, we have

" . F, F, -

700(250 + 200) + F, x50 = Ry 200 =L %200 = %200 =520 F,

' i 0.385

or 520 F,—50F, =700 =450 or F =700 x=450/47D=0670N

We know that torque transmitted by the block brake,
T,=F, % r=670 x 125= 8 3750 Nethm =83.75N-m Ans.

Dynamometer:

A dynamometer is a brake but in addition it has a device to measure the frictional

resistance. Knowing the frictional resistance, we may obtain the torque transmitted and

hence the power of the engine.

Types of Dynamometer:

1. Absorption dynamometer, (In the absorption dynamometers, the entire energy or
power produced by the engine are absorbed by the friction resistances of the brake
and are transformed into.heat, duting the process of measurement.)

1.1.Prony brake dynamometer 1.2.Rope brake dynamometer

2. Transmission dynamometer, (in the transmission dynamometers, the energy is not
wasted in friction but is used for doing work. The energy or power produced by the
engine is transmitted through the dynamometer to some other machines where the
power developed is suitably measured.)
2.1.Belt transmission dynamometer 2.3.Torsion dynamometer
2.2 Epicyclic dynamometer

Prony Brake Dynamometer:

It consists of two wooden blocks placed around a pulley fixed to the shaft of an
engine whose power is required to be measured. The blocks are clamped by means of
two bolts and nuts, as shown in Fig. 19.31. A helical spring is provided between the nut
and the upper block to adjust the pressure on the pulley to control its speed. The upper
block has a long lever attached to it and carries a weight W at its outer end. A counter
weight is placed at the other end of the lever which balances the brake when unloaded.

Two stops S, S are provided to limit the motion of the lever.
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& L 3
Nl.lt L3 ______ . _:_l
._ ~ |« Spring g
B I S N
[ | i Lever
| | R
AT\ s
Counter LLi// ~X\\iL] —
weight [ 1 BT ;>Eluck5 W
P A
IR

F’ulla'_-,r-/‘i’

Fig. 19.31. Prony brake dynamometer.

When the brake is to be put in operation, the long end of the lever is loaded with
suitable weights W and the nuts are tightened until the engine shaft runs at a constant
speed and the lever is in horizontal position. Under these conditions, the moment due to
the weight W must balance the moment of the frictional resistance between the blocks

and the pulley.
Let W = Weight at the outer end of the lever in newtons;
L = Horizontal distance of the weight W
from the centre of the pulley in metres,
F = Frictional resistance between the blocks
and the pulley in newtons,
R = Radius of the pulley in metres, and

N = Speed of the shaft in rp.m.
We know that the moment of the frictional re-
sistance or torque on the shaft,
T'=WL=FRN-m
Work done in one revolution
= Torque * Angle tusned in.radians
= I'x2n N-m
Work done per minute
=Tx2n N N-m

We know that brake power of the engine, Another dynamo

Work done per min. ~ TX2rN _W.Lx2n N -
60 60
Rope Brake Dynamometer:

B.P.= atts

It is another form of absorption type dynamometer which is most commonly used
for measuring the brake power of the engine. It consists of one, two or more ropes wound
around the flywheel or rim of a pulley fixed rigidly to the shaft of an engine. The upper
end of the ropes is attached to a spring balance while the lower end of the ropes is kept
in position by applying a dead weight as shown in Fig. 19.32. In order to prevent the
slipping of the rope over the flywheel, wooden blocks are placed at intervals around the
circumference of the flywheel.
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In the operation of the brake, the engine is made to run at a constant speed. The
frictional torque, due to the rope, must be equal to the torque being transmitted by the
engine.

Let W = Dead load in newtons,

A

S = Spring balance reading in newtons,

D = Diameter of the wheel in metres, Wooden / Spring balance
d = diameter of rope in metres, and ff'ofki\_ B—-—
N = Speed of the engine shaft in r.p.m. — N ff WO;dE” bk
= Net load on the brake 7 NN x ,/r\* it
=(W-S)N RN
We know that distance moved in one 4 \\\\\\\
revolution SR Section of wheel rim
=n(D+d)m —>jeA
= Work done per revolution |
W9+ INm S

and work done per minute
=(W-S)n (D +d) NN-m

Fig. 19:32. Rope brake dynamometer.

Brake power of the engine,

Work done per min _ (W —5) n{D rd)N
60 - 60

If the diameter of the rope (d) is neglected, then brake power of the engine,

B.P = walts

BP.= g S) PO N watts
60

Note: Since the energy produced by the engine is absorbed by the frictional resistances

of the brake and is transformed into heat, therefore it is necessary to keep the flywheel
of the engine cool with soapy water. The flywheels have their rims made of a channel
section so as to receive a stream of water which is being whirled round by the wheel.
The water is kept continually flowing into the rim and is drained away by a sharp edged
scoop on the other side, as shown in Fig. 19.32.

Example 19.17. In a laboratory experiment, the following data were recorded with rope
brake: Diameter of the flywheel 1.2 m; diameter of the rope 12.5 mm, speed of the engine
200 r.p.m.; dead load on the brake 600 N, spring balance reading 150 N. Calculate the
brake power of the engine.

Solution. Given: D=1.2m; d=12.5 mm =0.0125 m; N =200 r.p.m; W =600 N;
S=150N

We know that brake power of the engine,

_(W=8)rx(D+d)N _ (600—-150)x (1.2+0.0125)200
60 60
=5.715 kW Ans.

B.P. =5715W
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Chapter-03: Power Transmission

Power: It is the rate of doing work. Power is defined formally as units of energy per unit
time.

In SI units:

Watt = Joule/Second = (Newton x Meter) / Second

Power Transmission:

Power transmission is the movement of energy from its place of generation to a
location where it is applied to perform useful work.

Power transmission is a process to transmit motion from one shaft to another by using
some connection between them like belt, rope, chain, and gears.

To connect the shafts, mainly two types of connectors are used, one is flexible and
other is rigid. In flexible types of connection, there is relative velocity between shaft
and connectors due to slip and strain produced in the connectors. But in case of rigid
connection, there is no relative velocity between the connector and shaft.

When the power is transmitted from input to output using mechanical elements is
known as mechanical power transmission.

Types of Mechanical Drives:

A.

Belt Drive (To transmit power from one shaft to‘another, pulleys are mounted on the
two shafts. The pulleys are then connected by an endless belt passing over the pulleys.
The connecting belt is kept in tension so-that motion of one pulley is transferred to
the other without slip.)

Advantages

Made from flexible material-and can be
used for the shafts whose-axes are not
parallel.

Initial cost is low.

Lubricant is not required.

Noise is relatively less.

It is a flexible member; it slips or breaks
during overload and safeguards the
machine.

Disadvantages

Drive is not positive as the belt slip over
the pulleys.

Occupies relatively more space.

Speed ratio cannot be maintained
because of slipping of belt.

Adjust the tension in the belt is require
time to time.

Life is relatively low.

Gear Drive (In gear drive no. of teeth are cut on both the blanks of the gear wheel
which mesh with each other. The projections on one disc and recesses on other disc
are made to mesh with each other to avoid slipping.)

Advantages

Positive drive and has more efficiency
than belt and rope drive.

e Operation of drive

is simple and
effective.

e Life is more compared to other drives.
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With one input speed, no. of output
speeds can be obtained by using suitable
gear drive.

Safe and compact.

Constant velocity ration is obtained.
Using different type of gears, power can
be transmitted between shafts whose
axes are parallel, inclined or intersecting
to each other.

e If Ilubrication arrangement

Disadvantages

e [f the tooth geometry of the gear is not

properly maintained, the drive may get
locked.

e Not preferred when very high speed

transmission is required.
is not
provided, it may produce noise.

. Chain Drive (The chain drive consist of three elements — driving sprocket, driven
sprocket and endless chain wrapped around the sprocket. The chain drive is positive
drive where there is no slip & constant velocity ratio can be maintained)

Advantages

Positive drive as there is no slip, hence
constant velocity ratio.

Occupies less space compared to belt
drive.

Life is more compared to belt drive.
Used for large center distance.

Transmission efficiency is larger than
belt drive.

Types of Belt Drives:

Disadvantages

Noisy compared to belt drive.

Initial cost is higher compared to belt
drive

Adjustment in the center distance is
necessary.

Maintenance cost is higher & complex
compared to belt drive.

1. Light drive: These are used to transmit small powers at belt speeds up to about 10

m/s, as in agricultural machines and small machine tools.

but up to 22 m/s, as in machine tools.

as in compressors and generators.

Types of Belts:

2. Medium drives: These are used to transmit medium power at belt speeds over 10 m/s

3. Heavy drives: These are used to transmit large powers at belt speeds above 22 m/s,

a) Flat Belt: The flat belt is mostly used in the factories and workshops, where a

moderate amount of power is to be transmitted, from one pulley to another when the
two pulleys are not more than 8 meters apart.

Flat bek ; V- belt \Gircular belt
A i EEry, r S
i Y
{ea) Flat belt. {h) V-belt. () Circular belt.

Fig. 11.1. Types of belis.
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b) V-belt: The V-belt is mostly used in the factories and workshops, where a moderate
amount of power is to be transmitted, from one pulley to another, when the two
pulleys are very near to each other.

¢) Circular belt or rope: The circular belt or rope is mostly used in the factories and
workshops, where a great amount of power is to be transmitted, from one pulley to
another, when the two pulleys are more than 8 meters apart.

Types of Flat Belt Drives:

1. Open Belt drive: The open belt drive is used with shafts arranged parallel and rotating
in the same direction. In this case, the driver A pulls the belt from one side (i.e. lower
side RQ) and delivers it to the other side (i.e. upper side LM). Thus the tension in the
lower side belt will be more than that in the upper side belt. The lower side belt (because
of more tension) is known as tight side whereas the upper side belt (because of less
tension) is known as slack side.

Driver L
Sl o
\ ack sideg m Driven Sl R

Vadl — » £ i h’lf Sigte Driven

{ e 4 ST .

b - = BAY _ M= O S <@ A AN
| ' A _ ‘ B

—
|H ~ i .h‘- ga\‘j‘e M |
Q' Tight side . ' Q gL
| » I
‘ __- | '
| — L
| i
Fig. 11.3. Open belt drive. Fig. 11.4. Crossed or twist belt drive.

2. Crossed or twist Belt dvive: The crossed or twist belt drive is used with shafts
arranged parallel and rotating in the opposite directions. In this case, the driver pulls the
belt from one side (i.e. RQ) and delivers it to the other side (i.e. LM). Thus the tension
in the belt RQ will be more than that in the belt LM. The belt RQ (because of more
tension) is known as fight side, whereas the belt LM (because of less tension) is known
as slack side. A little consideration will show that at a point where the belt crosses, it
rubs against each other and there will be excessive wear and tear. In order to avoid this,
the shafts should be placed at a maximum distance of 20 b, where b is the width of belt
and the speed of the belt should be less than 15 m/s.

Velocity Ratio of Belt Drive:
It is the ratio between the velocities of the driver and the follower or driven.
Let d; = Diameter of the driver, d,= Diameter of the follower,

Ni= Speed of the driver in r.p.m., and N,= Speed of the follower in r.p.m.
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~ Length of the belt that passes over the driver, in one minute
=md;.N;

Similarly, length of the belt that passes over the follower, in one minute
=1 dy.N;

Since the length of belt that passes over the driver in one minute is equal to the length
of belt that passes over the follower in one minute, therefore

7T d1.N1 =T dz.Nz

.. Velocity ratio, i = al
i N, d
When the thickness of the belt (1) is considered,
then velocity ratio,
Ny, d+1

.!’I'l-'rj Hfj +

Velocity Ratio of a Compound Belt Drive:

Sometimes the power is transmitted from one shaft to another, through a number of
pulleys. Consider a pulley 1 driving the pulley 2. Since the pulleys 2 and 3 are keyed to
the same shaft, therefore the pulley 1 also drives the pulley 3 which, in turn, drives the

pulley 4.
Let d; = Diameter of the pulley 1, N;= Speed of the pulley 1 in r.p.m.,
dz, d3, d4, and N, N3, N4y = Corresponding values for pulleys 2, 3 and 4.

We know that velocity ratio of pulleys land 2,

N _ dg

N, & ~A0)
Similarly, velocity ratio-of pulleys 3 and 4,

Ny _ ”13 ~

T - E 1)

Multiplying equations (i) and (i7),
oo gdh s

'l'!‘ N'U_r's B ful’: “I'-F

Ny _ d, % d,
or TJ = d,x d, [~ N,=N,, being keyed to the same shaft)
A little consideration will show, that if there are six pulleys, then
Ng _ dixdyxds
N, dyxdyxd,

Speed of last driven _ Product of diameters of drivers
Speed of first driver  Product of diameters of drivens
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Slip of Belt:

Sometimes the frictional grip between the belts and the shafts becomes
insufficient, it may cause some forward motion of the driver without carrying the belt
with it. This may also cause some forward motion of the belt without carrying the driven
pulley with it. This is called s/ip of the belt and is generally expressed as a percentage.

The result of the belt slipping is to reduce the velocity ratio of the system. Thus
the belt should never be used where a definite velocity ratio is of importance (as in the
case of hour, minute and second arms in a watch).

Let s; % = Slip between the driver and the belt, and

s» % = Slip between the belt and the follower.

~ Velocity of the belt passing over the driver per second
e '.'l:if]__-"'f'J = TE(-‘]| _J\'l w &) = ﬂ:ﬂr]_f'"!'l( I_ At "_':','}
60 60 100 60 | 100
and velocity of the belt passing over the follower per second,
nd,. N, 5., &
;:1'—1'}(_—:]'1— =
60 100

Substituting the value of v from equation (i),

Hﬂfl _'“'lf'-: _ ]th| J""!"J iri 5 I 8o
(s11) 60 l 106 100

N dy ( S A3 : 5 5,
P R . .../ Meglecting —————
N, el G A 100 ; 100 = 100

—il Spk 8o —il 5
d, 100 d; 100

»(where s =5, + 5., i e total percentage of slip)

If thickness of the belt (¢Y is considered. then
Ja'ﬁ'rg = d] + f 1 5
N, dovi 100
Example 11.1. An engine running at 150 pp.m., drives a line shafit by means of a belt. The
engine pulley is 750 mm diameter and tre pulley on the line shafi being 450 mm. A 900 mm diameter

pulley on the line shaft drives a 150 mm diameter pulley keved to a dvnamo shafi. Find the speed of
the dvnamao shafi, when I there is no slip, and 2. there is a slip of 2% at each drive.

Solution. Giyen : N, = 150 cpm. ; 4, =750 mm ; 4, =450 mm ; 4, =900 mm ; d, = 150 mm
The arrangement of belt drive is shown in Fig. 11.10.

Let N, = Speed of the dynamo shaft .

Q00 mim ;‘I 50 mm
—

. W
Ul I

TE-{]' T — - ﬂ -
Engine shaft 450 mm
Line shaft
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1. When there is no slip

N_:,zz!,xds = ﬂz?Sl}x'}ﬂﬂzm
N, dyxd, 150 450 =150

N, =150 = 10= 1500 rp.m. Ans.

2. When there is a slip af 2% at each drive

We know that

N dy * o 5 -
We know that 41 31 L=
N, d,xd, 100 100
N 750 » 900 2 2
4 — | _— _ — |= ‘.'}.E:l
150 450 = 150 100 100

N, =150 x 9.6 = 1440 r.p.m. Ans.
Length of an Open Belt Drive:
Let 1 and r, = Radii of the larger and smaller pulleys,
x = Distance between the centres of two pulleys (i.e. 0;0;), and

L = Total length of the belt.

E

J oo = 4 e . = — K
Oy f N /

Fig. 11.11. Lenuth offan apen belydrive.

Let the belt leaves the larger pulley at E and G and the smaller pulley at F and H. Through
0,, draw O,M parallel to FE.

From the geometry of the figure, we find that O,M will be perpendicular to O,E.
Let the angle MO,0Oy = o radians.
We know that the length of the belt,
L = Arc GJE + EF + Arc FKH + HG
=2 (Arc JE + EF + Arc FK) ..(i)
From the geometry of the figure, we find that

OM OE—-EM n-—n
O Oy O, O, X

Since o is very small, therefore putting

singt =

sin oL = ot (in r:ir:iiims_!:u ATy
x

Arc JE =1, [g + u] i)
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Similarly Arc FK =n [ =S o ] W)
and EF = MO, = \J(0, 0, — (O, M)® =[x*—(r— 1 )*
= x 1 — [rl — By ]
x
Expanding this equation by binomial theorem,
EF:IL_l{iliI+m]=r_ﬂtjﬂ; ‘
5 pr Y ()

Substituting the values of arc JE from equation (iif), arc FK from equation (iv) and £F from

equation (v) in eguation (f), we get

L

5

—4 £
e

bl
L]

B

|

=minp+r)+

Substituting the value of o = |

T
KX — .o X —
¥

(n—1)

]ﬂ-_

2x

(5—rs¥

2x

-
T (n=rn)
—t.’]+.i‘-.':l+l3l'.(.l'i—j‘-.l+.‘|.'—1—‘}
2 = = 2x
(i—nR
Jat(r — ) + 25 — Vi"RX
B X

A7 % fromequation (i),

X
(ri—r) (K= 5y
L=m(n+nr)+2x 2 Gy _p¥Y+2x K1 2
X X
TR — 5y r— Y
=:|'|:[zf1+r1:|+7(1 a -E-lx—i[l 2)
- X x
e _:I:
=y + ) + L+ e - In terms of pulley radii)
e
i ) '(dy— di )
= ?ldl +d, )+ 2x + !4—_ {In terms of pulley diameters)
2 X
Length of a Cross Belt Drive:
M
.'{:‘/ﬁ‘-h
."“.I % - TR
> e ¢ Tag H
.f'( r? “*-‘_ Ko \
J e IS = ey MK
O, 3 _I_"r|':'2
LM F
l."'\.
G | T2
-, K
Fig. 11.12. Length of a cross belt dnve.

Let the belt leaves the larger pulley at
O,, draw O,M parallel to FE.

From the geometry of the figure, we
Let the angle MO,0; = a radians.
We know that the length of the belt,

E and G and the smaller pulley at F and H. Through

find that O,M will be perpendicular to O,E.
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L = Arc GJE + EF + Arc FKH + HG
=2 (Arc JE + EF + Arc FK) ..(i)
From the geometry of the figure, we find that

oM =OLE+EM=ri+r;_
O 0 O 0, x

Since o is very small, therefore putting

sin oL =

sin o = o (in radians) = Atk i)
x
5 n aa
Arc JE = rl[: + O ] ... [fir)
. 4
Similarly Arc FK =r, [ = + [:(] V)
and EF = MOy= J(0,0,) — (O, MY = | — s+ 1)

— i_[+_]
X

Expanding this equation by binomial theorem,

EF:.r’l—l[r"”? ] 4-__];:1-—M )
2 X 2x

Substituting the values of arc JE from equatien ({if};-arc FA from equation (fv) and EF from
equation (v) in equation (i), we get

L=2t¢ a +x——“1+rl}_+:a o
2 o' 7R

n (K+n) n
=2l =F R0ty — —— =+ X— + 5.
2 2x -2

13 (rn+mn)
=2 =+ )+ ol FEY A e TR
2 - - 2x

2
. n+m)
=rt{rj+r:j+2tx{r|+r3}+2.‘f——{] -
X

+ 1 :
Substituting the value of o = i h from equation (i),
x
2(r + 1 +r)
L=Il:{r]+rJH+MK{q+r:}+EI—u
x x
2+ n) +n)
=My + rz}-+-—l:r' 2) + 2x — Gith)
x x
2
H+
=m(ri+1r)+ 2x+ % ...(In terms of pulley radii)
T d,+ d, )’
= E{dl +dy) + 2x + % ..iIn terms of pulley diameters)
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Power Transmitted by a Belt:

Let T;and T,=Tensions in the tight and slack side of the belt respectively in newtons,
r; and r; = Radii of the driver and follower respectively, and
v = Velocity of the belt in m/s.

o Slack side
/' T, ~
A 2
| B J \
|
T, |
Ty - Drriven
Tight side pullay

Diriving pulley
Fig. 11.14. Power transmitted by a belt.

The effective turning (driving) force at the circumference of the follower is the
difference between the two tensions (i.e. T; — T»).

Work done per second = (T; —Tz) v N-m/s
and Power transmitted, P =(T,—-Ty)vW ("1 N-m/s =1W)
A little consideration will show that the torque exerted on the driving pulley is (T,—T>)
r1. Similarly, the torque exerted on the driven pulley 1.e. follower is (T — T>) 1».
Ratio of Driving Tensions for Flat Belt Drive:
Consider a driven pulley rotating in the clockwise direction
Let T, and T, = Tensions in the tight and slack side of the belt respectively,

0 = Angle of contact in radians (i.e. angle subtended by the arc AB, along which

the belt touches the pulley at the centre).

Tz N

- : =
A 4 50 5] F= iRy
| 2 F
ot
Diriven / = e :
— = Ay L

t
paley — (55 oL rs0 -

70 !
+ Q
: o _
B pT+5T 2 W st

-
T, I
Fig. 11.15. Ratio of driving tensions for flat belt
Now consider a small portion of the belt PQ, subtending an angle 80 at the centre of the
pulley. The belt PQ is in equilibrium under the following forces :

1. Tension T in the belt at P,

2. Tension (T + 8T) in the belt at Q,

3. Normal reaction Ry, and

4. Frictional force, F = uxRy, where p is the coefficient of friction between the belt

and pulley

73


DELL
New Stamp


Resolving all the forces horizontally and equating the same.
RN=[T+5T}sin%+Tsin% )

Since the angle 88 is very small, therefore putting sin 8 8 /2 = 86 / 2 in equation (f),

&6 66 T.860 &T.60 T.660
R, =(T+8T)—+Tx—= + + =T.88 ;
ST )32 2 2 2 2 i)
[ Neglecting ETZ'EE ]
MNow resolving the forces vertically, we have
wx Ry, =(T + 8T) cus? — Tcns% .. ANy
Since the angle & 8 is very small, therefore putting cos 88/ 2 =1 in equation {iii).
uxR, =T+8T-T=2aT or RN:E_T i)
LL
Equating the values of R, from equations (i) and (iv),
ar
TH8=— or E—T=p.ﬁﬁ
m F
Integrating both sides between the limits T, and 7', and from () to, @' tespectively,
“er % i’
ie. _r_ = HIE‘E' or log,| ~{zpaor L _ ue v)
I T i Tz T]

Equation (v) can be expressed in terms of cnrmspundiﬁg lpgliirithm to the base 10, i e

2.3[%(%]:;1.5

-

The above expression gives the relation benween the tight sideand slack side tensions, in terms
of coefficient of friction and the angle of contact.

Example 11.4. Find the power transmitted by a belr running over a pulley of 600 mm
diameter at 200 r.p.m. The coefficient gf friction hetween the belt and the pulley is 0.25, angle of lap
160° and maximum tension in the belt'is 2500N.

Solution. Given : d=600im =06'm ; V=200 r.p.m. ; p =0.25 ;0 = 160° = 160 x t/ 180
=2.793 rad ; T, =2500 N

We know that velocity of the belt,

_®d.N _mx0.6x 200

v = 6284 m's
i [+14]
Let ’1'"2 = Tension in the slack side of the belt.
We know that 2.3lug[§—] ]: B =025x2.793 =0.6982
Ing[ % ] = g9 = 0.3036
T, 2.
y
; o =201 ..(Taking antilog of 0.3036)
2
y 2500
p i M — =1244 N
and 2T 201 201

We know that power transmitted by the belt.
P = (T,—T,)v=(2500—1244) 6.284 = 7890 W
= 7.89 kW Ans.
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Example 11.5. 4 casting weighing 9 kN hangs freely from a rope which makes 2.5 turns
round a drum of 300 mm diameter revolving at 20 r.p.m. The other end of the rope is pulled by a man.
The coefficient of friction is (.25. Determine 1. The force required by the man, and 2. The power to
raise the casting.

Solution. Given: W =T, =9kN=9000N:d=300mm=03m ; N=20rp.m.; p=1025
1. Force required by the man
Let T, = Force required by the man.

Since the rope makes 2.5 turns round the drum, therefore angle of contact,
8 =25x2an=5nrad

We know that 23 Ing[;_—_' ] =n.80=025x5x=3.9275
39275 £ =
Iog i = =17l or L:JI
I; 2.3 2
..(Taking antilog of 1.71)
" 7, 9000
L= =176.47 N Ans.

. | 51

2. Power to raise the casting

We know that velocity of the rope,

_ mdN arx 03X 20
60 60

V =0.3142 m/s

. Power to raise the casting,
P=(T,— T,)vw=(90680—-176.47) 0.3142=2772 W
= 2572 kW CAns.

Centrifugal Tension:

Since the belt continuously tuns over the
pulleys, therefore, some centrifugal force is
caused, whose effect-1s to increase the
tension on both, tight as well as the slack
sides. The tension caused by centrifugal
force is called centrifugal tension.

Consider a small portion PQ of the
belt subtending an angle dO the centre of the

Fig. 11.17. Centrifugal tension.

pulley.

Let m = Mass of the belt per unit length in kg,
v = Linear velocity of the belt in m/s,
r = Radius of the pulley over which the belt runs in metres, and
Tc= Centrifugal tension acting tangentially at P and Q in newtons.

We know that length of the belt PQ =r. d
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and mass of the belt PQ =m. r. dO
=~ Centrifugal force acting on the belt PQ,

F- = (.ﬂ'i.i".ﬂ"lf-lj|lE =m.dB.v
r

The centrifugal tension T¢ acting tangentially at P and Q keeps the belt in equilibrium.

Now resolving the forces (i.e. centrifugal force and centrifugal tension) horizontally and
equating the same, we have

T sin [ﬂ ]+ T, sin [ﬁ]: F.=m.de.
2 %

: ; . . . [ dB de _
Since the angle 40 is very small, therefore, putting EQII'I[T ] =i i the above expression,

aa i

6 2
j;rL.[‘T]z m.dB.v" o To=m.v

Notes : 1. When the centrifugal tension is taken into account, then totalfension in thetight side,

Iy = 1,+1,
and total tension in the slack side,
I, = T,+T,
2. Power transmitted, P=(T,-Ty ..{In watts)
= (T, HTT s +ENv=(RNVT,} v . Asame as before)

Thus we sec that centrifugal tension has noeffect on the power transmitted.

3. The ratio of dioving tensions may alsotbe wnitten as

5
23log| = |=p.8
NS

where ]"r = Maximimm or total tension in the belt.

Maximum Tension in the Belt:

A little consideration will show that the maximum tension in the belt (T) is equal to the
total tension in the tight side of the belt (Ty).

Let 6 = Maximum safe stress in N/mm?,
b = Width of the belt in mm, and
t = Thickness of the belt in mm.
We know that maximum tension in the belt,
T = Maximum stress X cross-sectional area of belt =c. b. t
When centrifugal tension is neglected, then
T (or Ty) =T, 1i.e. Tension in the tight side of the belt
and when centrifugal tension is considered, then
T (or Ty) =T + Tc
76


DELL
New Stamp


Condition for the Transmission of Maximum Power:
We know that power transmitted by a belt,
P=(T)-Ty)v ..(1)
where T, = Tension in the tight side of the belt in newtons,
T,= Tension in the slack side of the belt in newtons, and

v = Velocity of the belt in m/s
From Art. 11.14, we have also seen that the ratio of driving tensions is

d

ko L O L ...(if)
I, N
Substituting the value of T, in equation (7),
I 1
P=|ni- 5 p=r[1- 55 penive G
[ Ep..H ] L’P'H
_ 1
where C=1-
EJ.L.B
We know that I =T-T,
where T = Maximum {ensioncte which.the belt zan be subjected in

newtons, and
T,. = Centrifugal tension in newtons.
Substituting the value of T L in equation (i),
P =(T-&)v.C

= (F—maB)v.C=(Tw—mv)C .. (Substituting T.=m. +')
For maximum power, differentate the@above expréssion with respect to v and equate to zero,
ie.
E: 0 or i{]".Iu' —mv)C=0
v dv
o r'—3m.v: =0
or F—31. 50 o T=37T,. V)

It shows that when the power transmitted is maximum, 1/3rd of the maximum tension is
absorbed as centrifugal tension.

. } . . T
Notes : 1. We know that T, = T— T and for maximum power, T.= e

-

TI=T_

2. Froméquation (iv), the velocity of the belt for the maximum power,
7
= —
Im

When a belt is wound round the two pulleys (i.e. driver and follower), its two ends
are joined together. In order to increase this grip, the belt is tightened up. At this stage,

Initial Tension in the Belt:
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even when the pulleys are stationary, the belt is subjected to some tension, called initial
tension.

When the driver starts rotating, it pulls the belt from one side (increasing tension
in the belt on this side) and delivers it to the other side (decreasing the tension in the belt
on that side). The increased tension in one side of the belt is called tension in tight side
and the decreased tension in the other side of the belt is called tension in the slack side.

Let Ty = Initial tension in the belt,
T,= Tension in the tight side of the belt,
T,= Tension in the slack side of the belt, and
a = Coefficient of increase of the belt length per unit force.
A little consideration will show that the increase of tension in the tight side
=Ti-T
and increase in the length of the belt on the tight side
=a (T1 - T()) (1)
Similarly, decrease in tension in the slack side
= T() — Tz
and decrease in the length of the belt on the slack side
= (T() N Tz) (11)
Assuming that the belt material is perfectly elastic such that the length of the belt remains
constant, when it is at rest or in motion, therefore increase in length on the tight side is
equal to decrease in the length on the slackside. Thus, equating equations (i) and (i1),
(X(Tl—T()):(X(T()—Tz) OI‘Tl—T():T()—Tz
AL~ ) PN, =Xy o Lt =TT,

» T+
0~

...{Neglecting centrifugal tension)

e A — .-\ Considering centrifugal tension)

Example. 11.12. In a flat belt drive the initial tension is 2000 N. The coefficient of friction
berween the belt and the pulley is 0.3 and the angle of lap on the smaller pulley is 150°, The smaller
pulley has a radius of 200 mnr and rotates at 500 r.p.m. Find the power in kW transmitted by the belt.

Solution. Given: T,=2000 N ; ;= 0.3 :6=150°=150° x n/ 180=2.618rad ; , =200 mm

o
or d, =400 mm = 0.4m ; N, = 500 rp.m.
We know that velocity of the belt,
_md, N, mx04x500
60 60

Let T, = Tension in the tight side of the belt, and
T. = Tension in the slack side of the belt.

= 10.47 m/s
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We know that initial tension (7).

2000 = % or T,+T,=4000N D
We also know that

23 103[}{—‘]: wB=03x2.618=07854
5 2

]ug[£]= 01839, _o3dis

¥ 2.3

- 22 ..(iF)
I3
...{Taking antilog of 0.3415)
From equations (f) and (i),
T, = 2750 N ;
and T,=1250N

or

A military tank uses chair, belt and gear drives
~. Power transmitted, P=(T, - T,) v for its movemerit and operation

= (2750 — 1250) 10.47
=15 700 W =15.7 kW Ans.

Example 11.13. Two parallel shafis whose centre lines are 4.8 m_apart, are connected by
open belt drive. The diameter of the larger pulley is 1.5 m and that of . smqﬁér pulley 1 m. The'initial
tension in the belt when stationary is 3 kN. The mass of the belt is 1. i{lgf;’ m length. The coefficient
of friction between the belt and the pullev is 0.3, Tahng {'enrnﬁz_ga! dension into daccouftt, calculate
the power transmitted, when the smaller pulley rotates at 4(§) rﬂn‘f

Solution. Given : x =48 m ;d, =15m &5V m  L3=3 kN=3000 N ;m=15kg/m
p=03;N_ =400 rp.m.
We know that velocity of the belt,
"ds. N T x 162 400

v=",2_@% _ =21 m/s
af 60
and centrifugal tension, T.=myv"=1521yY=661.5N
Let T, = Tension'in the ught side, and

T, = Tensian in the slack side.
We know that initial tensior (¥7)).

T+ B+ 27 T+ T+ 2x6615

3000=
2 2
T{oT,=3000 %272 x661.5=4677 N o)
Foran open bclrdrwe
sna=07%_t-t 13-1_ 4401 or a=3°

x 2x 2x4.8
~. Angle of lap on the smaller pulley,

B= 180" -2 =180°"-2x3°=174°
= 174°* =t/ 180 =3.04 rad

We know that
23 log[%}: 1.6 =03x3.04=0912
o I B TR I T i)
o) 23 T,

—(Taking antilog of .3965)
From equations (§) and (if),
I,=3341N; and T,=1336 N
Power transmitted,
P=(T,—T,)v=(3341 - 1336) 21 =42 100 W =421 kW Ans.
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V-belt drive:

A V-belt is mostly used in factories and workshops where a great amount of power
is to be transmitted from one pulley to another when the two pulleys are very near to
each other.

The V-belts are made of fabric and cords moulded in rubber and covered with
fabric and rubber. These belts are moulded to a trapezoidal shape and are made endless.
The included angle for the V-belt is usually from 30° — 40°. In case of V-belt drive, the
rim of the pulley is grooved in which the V-belt runs. The effect of the groove is to
increase the frictional grip of the V-belt on the pulley and thus to reduce the tendency
of slipping. In order to have a good grip on the pulley, the V-belt is in contact with the
side faces of the groove and not at the bottom. The power is transmitted by the wedging
action between the belt and the V-groove in the pulley

' Fabric and
<«—— b —— rubber cover ’“".Ibe‘“ ‘-’-/grﬂwed pulley
i
/ ~— Fabric S
e Tty -._,.J-"'H- / f Y
I.;.:..:. S I"f | — it A
\E |r__.-" ’:‘“ o
d 1) Rubber
l %
NS

() Cross-section of a V-belr (&) Cross-scction of a V-grooved pulley.

Fig. 11.19.-M-belt and V-grooved pulley.

A clearance must be provided at the bottom of the groove, in order to prevent
touching to the bottom as it becomes narrower from wear. The V-belt drive, may be
inclined at any angle with tight side either at top or bottom. In order to increase the
power output, several V- belts may be operated side by side. It may be noted that in
multiple V-belt drive, all the belts should stretch at the same rate so that the load is
equally divided between them. When one of the set of belts break, the entire set should
bereplaced at the same time. If only one belt is replaced, the new unworn and unstressed
belt will be more tightly stretched and will move with different velocity.

Crowning of pulleys:

The rim of the pulley of a flat-belt drive is slightly crowned to prevent the slipping
off belt from the pulley. The crowing can be in the from of conical surface or a convex
surface.

Assume that somehow a belt comes over the conical portion of the pulley and
takes the position as shown in figure, its centre line remains in a plane, the belt will
touch the rim surface at its one edge only. This is impractical. Owing to the pull, the belt
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always tends to stick to the rim surface. The belt also has a lateral stiffness. Thus, a belt
has to bend in the way shown in figure.

B

(8] i +f

Let the belt travel in the direction of the arrow. As the belt touches the cone, the
point a on it tends to adhere to the cone surface due to pull on the belt. This means as
the pulley will take a quarter turn, the point a on the belt will be carried to b which is
towards the mid-plane of the pulley than that previously occupied by the edge of the
belt. But again, the belt cannot be stable on the pulley in the upright position and has to
bend to stick to the cone surface; it will occupy the position shown by dotted lines.

Thus, if a pulley is made up of two equal cones or of convex surface, the belt will
tend to climb on the slopes and will thus, run with-its centre line on the mid-plane of the
pulley. The amount of crowing is usually 1/96 of the pulley face width.

Gear drives:
In precision machines, in which a definite velocity ratio is of importance (as in
watch mechanism), the only positive drive 1s by means of gears or toothed wheels.

4——Shafts —»

_-===.  ,Pitchcircles
A F=p.Ry e
E N B h LN AT T
| ¢ 3 . o ( H.} - - 5
/ : ~, £ Driver A Y
| ' e Followers «
./’fﬂ Fﬂi_ ;-Fﬂ¥ 4 [i W\ I : / 1 -ﬁ\il A i :
i R ilﬁ, - 1l .?B_r— — i ; ‘f _te11 i
| LY §oEr ! ool
vy X ey it E
\ % # i/ \: _|_
% # - e
¥ I Al - : |
i i |‘ ) Line of +:untam
| I |
ol ,’
&~ Line of contact | |
I |

(@) Friction wheels. (b)) Toothed wheels.

In order to avoid the slipping, a number of projections (called teeth), are provided
on the periphery of the wheel A, which will fit into the corresponding recesses on the
periphery of the wheel B. A friction wheel with the teeth cut on it is known as toothed
wheel or gear.
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Gear terminology:

R Addendum circle
- Addendum ?a{:ﬁﬁ | Torlani
Dedendum i \ ( F‘Itch surface slement

) e —— | 'E"a"tg
=t f Warking depth
- s - == N ¥
< i I W ) F'itn:hcln::le
- :_.H' — - o l
; ——— Tooth thickness
Circular pitch — I .,
Total depth Tooth space j *
Clearance Root or dedendum circle

Clearance or
working depth circle

1. Pitch circle: 1t 1s an imaginary circle which by pure rolling action, would give the
same motion as the actual gear.

2. Pitch circle diameter: 1t is the diameter of the pitch circle. The size of the gear is
usually specified by the pitch circle diameter.

3. Pitch point: 1t is a common point of contact between two pitch circles.

4. Pitch surface: 1t is the surface of the rolling ‘discs which the meshing gears have
replaced at the pitch circle.

5. Pressure angle or angle of obliquity: It is the angle between the common normal to
two gear teeth at the point of contact and the common tangent at the pitch point. It is
usually denoted by ¢. The standard pressure angles are 14 1/2 ° and 20°.

6. Addendum: It 1s the radial distance of a tooth from the pitch circle to the top of the
tooth.

7. Dedendum: 1t is the radial distance of a tooth from the pitch circle to the bottom of
the tooth.

8. Addendum circle: 1t is the circle drawn through the top of the teeth and is concentric
with the pitch circle.

9. Dedendum circle: 1t 1s the circle drawn through the bottom of the teeth. It is also
called root circle.

10. Circular pitch: 1t 1s the distance measured on the circumference of the pitch circle
from a point of one tooth to the corresponding point on the next tooth. It is usually

denoted by p..
Mathematically,
Circular pitch, pc=n D/T
where D = Diameter of the pitch circle, and

T = Number of teeth on the wheel.
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If D; and D, are the diameters of the two meshing gears having the teeth T, and T,
respectively, then for them to mesh correctly,
_TD _*D, S

or — =
I T, D, T,

o

11. Diametral pitch: It 1s the ratio of number of teeth to the pitch circle diameter in
millimeters. It is denoted by pa.

Mathematically,
Diametral pitch, pa=T/D=mn/pc
where D = Diameter of the pitch circle, and

T = Number of teeth on the wheel.
12. Module: 1t is the ratio of the pitch circle diameter in millimeters to the number of
teeth. It 1s usually denoted by m. Mathematically,
Module, m=D /T.
13. Face of tooth: 1t is the surface of the gear tooth above the pitch surface.
14. Flank of tooth: 1t is the surface of the gear tooth below the pitch surface.
15. Face width: 1t is the width of the gear tooth measured parallel to its axis.

Gear train:

e When two or more gears are made to mesh with each other to transmit power from
one shaft to another the combination is called.gear train or train of toothed wheels.

e The nature of the train used depends upon the velocity ratio required and the relative
position of the axes of shafts.

e A gear train may consist of spur, bevel or spiral gears.

Types of Gear trains:
1. Simple gear train, 3. Reverted gear train, and
2. Compound gear train, 4. Epicyclic gear train.

1. Simple gear train:
When there is only one gear on each shaft, it is known as simple gear train. The
gears are represented by their pitch circles.

¥ follower Driver Driven or ¢~ Driver follower
' I'; 1 fallower 1 4
2 1 2 4
2 3 =

j'—i_’_ I I I

—_— e e
— e

{a) (b) (c)
Fig. 13.1. Simple gear train.
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Let N; & N,= Speed of gear 1 & gear 2 respectively in r.p.m.,
T, & T,= Number of teeth on gear 1, and on gear 2 respectively.

Since the speed ratio (or velocity ratio) of gear train is the ratio of the speed of the driver
to the speed of the driven or follower and ratio of speeds of any pair of gears in mesh is
the inverse of their number of teeth, therefore

Speed ratio = N1 /sz T2 / T1

It may be noted that ratio of the speed of the driven or follower to the speed of the driver
is known as train value of the gear train.

Mathematically, Train value =N, /N;= T,/ T,
From above, we see that the train value is the reciprocal of speed ratio.

Sometimes, the distance between the two gears is large. The motion from one gear to
another, in such a case, may be transmitted by either of the following two methods:

1. By providing the large sized gear, or 2. By providing one or more intermediate gears.

It may be noted that when the number of intermediate gears are odd, the motion of
both the gears (i.e. driver and driven or follower) is like. But“if the numbers of
intermediate gears are even, the motion of the driven or follower will be in the opposite
direction of the driver.

Now consider a simple train of gears with one intermediate gear.
Let Ni, N, & N3 = Speed of driver, intermediate gear & driven respectively in r.p.m.,
T, T, & T3 = Number of teeth on driver, intermediate gear & driven respectively.

Since the driving gear 1 is in mesh with the intermediate gear 2, therefore speed ratio
for these two gears is

N1 /sz T2 /T1 (1)

Similarly, as the intermediate gear 2 is in mesh with the driven gear 3, therefore speed
ratio for these two gears is

Nz/N3: T3 /Tz (11)
The speed ratio of the gear train is obtained by multiplying the equations (i) and (i1).

N N, 1, Iy IV Iy
TR s oot st . e ki ERER e &
Nz Ny 4 5 N; T
L.e. Speed ratio = Speed Gfdf:l‘b'ﬂl‘ _ No. Df‘tEEth on drilven
Speed of dnven  No. of teeth on driver
and Train vahie = Speed of driven _ No. of teeth on driver

Speed of driver ~ No. of teeth on driven
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From above, we see that the speed ratio and the train value, in a simple train of gears, is
independent of the size and number of intermediate gears. These intermediate gears are
called idle gears, as they do not effect the speed ratio or train value of the system. The
idle gears are used for the following two purposes:

a) To connect gears where a large centre distance is required, and

b)To obtain the desired direction of motion of the driven gear (i.e. clockwise or
anticlockwise).

2. Compound gear train:

When there are more than one gear on a Dirhver j‘ ggand

shaft, it is called a compound train of f'_{ f‘_f‘\ ¥ TL : S
gear. These gears are useful in bridging 3 X ¥
over the space between the driver and the ( | 4 )T

driven. In a compound train of gears, the i

gear 1 is the driving gear mounted on

II A | Iv B
shaft A , gears 2 and 3 are compound —+ [[[HI[[[ [ TN =
gears which are mounted on shaft B. The | : e
gears 4 and 5 are also compound gears o [t LLTEIA N
which are mounted on shaft C and the ! i { D
gear 6 is the driven gear mounted on : |||||||H||| ||||||||\|||H!|||||| .
shaft D. Fig. 13.2. Compound gear train,

Let N; = Speed of driving gear 1, T, = Number of teeth on driving gear 1,
N2, N3 ..., Ng = Speed of respective gears in r.p.m., and
T, Ts..., Te = Number of teeth on respective gears.

Since gear 1 is in mesh with gear 2, therefore its speed ratio is

N1/N2: Tz/Tl (l)
Similarly, for gears 3 and 4, speed ratio is

N3/N4: T4/T3 (ll)
and for gears 5 and 6, speed ratio is

N5/N6: T6/T5 (ll)

The speed ratio of compound gear train is obtained by multiplying the equations (1), (ii)
and (ii1),
M N N L L Ik N

I, x Ty x I

SRS _C _ = -l 0O ===t

——— .II o —_———_—
N Ny N Tt BT Ne ThxLxIs

Speed of the first driver

r.e. Speed ratio = - -
Speed of the last driven or follower
Product of the number of teeth on the drivens
Product of the number of teeth on the drivers
. Speed of the last driven or follower
and Train value =

Speed of the first driver

__ Product of the number of teeth on the drivers

Product of the number of teeth on the drivens
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The advantage of a compound train over a simple gear train is that a much larger
speed reduction from the first shaft to the last shaft can be obtained with small gears. If
a simple gear train is used to give a large speed reduction, the last gear has to be very
large. Usually for a speed reduction in excess of 7 to 1, a simple train is not used and a
compound train or worm gearing is employed.

Note: The gears which mesh must have the same circular pitch or module. Thus gears | and 2 must have the
same module as they mesh together. Similarly gears 3 and 4, and gears

pa—

5 and 6 must have the same module. =) P o

Example 13.1. The gearing of a machine tool is shown —
in Fig. 13.3. The motor shaft is connected to gear A and rotates N c B N
at 975 rp.m. The gear wheels B, C, D and E are fixed to parallel ~ p
shafis rotating together. The final gear F is fixed on the output B D F
shafi. What is the speed of gear F ? The number of teeth on
each gear are as given bhelow : Fig. 13.3

Gear A B C D E F

No. of teeth 20 a0 23 75 26 H3

Solation. Given : N, = 975 rpm. ;
T,=20; T,=50; T.=25; T,=75; T,=26;
T,=65

From Fig. 13.3, we see that gears 4, C
and E are drivers while the gears B, D and F are
driven or followers. Let the gear 4 rotates in
clockwise direction. Since the gears B and C are
mounted on the same shaft, therefore if is &

compound gear and the direction or retation of

both these gears is same (i.e. anticlockwise). ‘ Batfery Car: Exen though it is run by batteries,
Similarly, the gears D and E are mounted on the (& powep transmission, gears, clutches
same shaft, therefore it is also’a compound gear brakes, glc. remain mechanical in nature.
and the direction of rotation of both these gears Naote :This picture is given as additional information

is same (i.e. clockwise). The gear Fawill rotatein and s nol a direct example of the current chapter.
anticlockwise direction.
Let N, = Speed of gear F, i.e. last driven or follower.

We know that

Speed of the first driver _ Product of no. of teeth on drivens

Speed of the last driven Product of no. of teeth on drivers

= izfﬁxrnk]}=J{]X?JXEJ=13_?5
Ny TyxT.xT, 20x25x26

N a75
Np= N - ?'_ =52 r p.m Ans
18.75 18.75

3. Reverted gear train:

When the axes of the first gear (i.e. first driver) and the last gear (i.e. last driven
or follower) are co-axial, then the gear train is known as reverted gear train.

We see that gear 1 (i.e. first driver) drives the gear 2 (i.e. first driven or follower)
in the opposite direction. Since the gears 2 and 3 are mounted on the same shaft,
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therefore they form a compound gear and the gear 3 will rotate in the same direction as
that of gear 2. The gear 3 (which is now the second driver) drives the gear 4 (i.e. the last
driven or follower) in the same direction as that of gear 1. Thus we see that in a reverted
gear train, the motion of the first gear and the last gear is /ike.
Let T;=Number of teeth on gear 1,

r; = Pitch circle radius of gear 1, and 1

Compound
gear
ol

2
N; = Speed of gear 1 in r.p.m. =S R B\

]
)

3

Similarly, NN
T,, T3, T4 = Number of teeth on i 5
| H\H:i\HHH\\HNHI“HHHH'HHHH\H2

respective gears,
Co-axial -<F |
il

r;, 13, r4 = Pitch circle radii of
™y
N2, N3, Ny = Speed of respective Hy .
gears in r.p.m. | |

1

3

Fig. 13.4. Reverted gear train.

Since the distance between the centres of the shafts of gears 1.and 2 as well as gears 3
and 4 is same, therefore

n+rn=rtr (l)

Also, the circular pitch or module of all the gears is assumed to be same, therefore
number of teeth on each gear is directly proportional to its circumference or radius.

T1+ T2:T3+T4 (ll)
. Product of number of teeth on drivens
and Speed ratio = 3 : ;
Produetef number of teeth on drivers
N, L, XT,
or —_—= = ... (IH)
Ny T, xT;

From equations (7), (ii) and (iii), we can determine the number of teeth on each gear
for the given centre distance, speed ratio and module only when the number of teeth on
one gear is chosen arbitrarily.

The reverted gear trains are used in automotive transmissions, lathe back gears,
industrial speed reducers, and in clocks (where the minute and hour hand shafts are co-
axial).

4. Epicyclic gear train:

We have already discussed that in an epicyclic gear train, the axes of the shafts,
over which the gears are mounted, may move relative to a fixed axis. A simple epicyclic
gear train, where a gear A and the arm C have a common axis at O, about which they
can rotate. The gear B meshes with gear A and has its axis on the arm at O, about which
the gear B can rotate.
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Arm C If the arm is fixed, the gear train is simple
and gear A can drive gear B or vice- versa,
but if gear A is fixed and the arm is rotated
R - about the axis of gear A (i.e. Oy), then the
y 0 — O _ gear B is forced to rotate upon and around

| gear A. Such a motion is called epicyclic
and the gear trains arranged in such a
manner that one or more of their members
move upon and around another member is

known as epicyclic gear trains (epi. means
upon and cyclic means around). The

epicyclic gear trains may be simple or
Fig. 13.6. Epcyche gear train. compound.

The epicyclic gear trains are useful for transmitting high velocity ratios with gears
of moderate size in a comparatively lesser space. The epicyclic gear trains are used in
the back gear of lathe, differential gears of the automobiles, hoists, pulley blocks, wrist
watches etc.

Table 13.1. Table af motions

Retwlutions of elements

Step No. Canditions of motion Arm € Gear A CGrear B
: Ia
1. Arm fixed-gear 4 rotates through & 9 0 + 1 - ]'_
revolution i.e. 1 rev anticlockwise .
Ty
2. Amm fixed-gear 4 rotates-throught.x 0 +x X T
revolutions %

e Add # y revolution$ to all elements i +) 2
: _ Ia
4 Total motion +y 4 V—XX f_
: i B
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Chapter-04: Governors and Flywheel
Governors and its functions:

e The function of a governor is to regulate the mean speed of an engine, when there are
variations in the load.

e When the load on an engine increases, its speed decreases, therefore it becomes
necessary to increase the supply of working fluid. On the other hand, when the load
on the engine decreases, its speed increases and thus less working fluid is required.

e The governor automatically controls the supply of working fluid to the engine with
the varying load conditions and keeps the mean speed within certain limits.

Classification of Governors:
The governors may, broadly, be classified as

1. Centrifugal governors, and 2. Inertia governors.

Centrifugal governors

Pendulum type Loaded type
Watt governor - - -— < “
Dead weight gowvernors Spring controlled governors
Porter governar Proell governor
" - NN
Hartnell governor Hartung governor Wilson=Hartnell governor Pickering governor

1) Watt Governor:

It is basically a conical pendulum with links attached to a sleeve of negligible mass. The
arms of the governor may be connected to the spindle in the following three ways:
1. The pivot P, may be on. the spindle axis as shown in Fig. 182 (a).
2. The pivot P, may be offset from the spindle axis and the arms when produced intersect
at O, as shown in Fig. 18.2 (b).

3. The pivot P, may be offset, but the arms cross the axis at O, as shown in Fig. 18.2 (¢).

{it) () ()
Fig. 18.2. Watt governor,

Let m = Mass of the ball in kg,
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w = Weight of the ball in newtons = m.g,

T = Tension in the arm in newtons,

o = Angular velocity of the arm and ball about the spindle axis in rad/s,

r = Radius of the path of rotation of the ball i.e. horizontal distance from the centre

of the ball to the spindle axis in metres,

Fc= Centrifugal force acting on the ball in newtons = m.  2.r, and

h = Height of the governor in metres.
It is assumed that the weight of the arms, links and the sleeve are negligible as compared
to the weight of the balls. Now, the ball is in equilibrium under the action of
1. the centrifugal force (FC) acting on the ball, 2. the tension (T) in the arm, and 3. the
weight (w) of the ball.
Taking moments about point O, we have

Fcxh=wxr=m.gr
or mo?rh=mgr or h=g/w? ()

When g is expressed in m/s? and o in rad/s, then h is in metres. If N is the speed in r.p.m.,
then

® =271 N/60
981 895 ; =
h= — = —— meires SO g=931 m/s%) . . . (i)
(Zr N/ 60)Y ' ,
Example 18.1. Calculate the vertical heightof a Walt governor when it rotates at 60 r.p.m.
Also find the change in vertical height when its speed inereases to'61 r.p.or.

Solution. Given : N, = 60 r.p.m.; Ng= 61 np.m.
Initial height
We know that initial height,
895 KO3

h = — = — =0.248 m
(N,)” _~160)°

Change in vertical height
We know that final héight,
895 895
h = — = — =024 m
(N7 (61)
Change n vertical height

= hl —ﬂ:= 0.248 —0.24 = 0,008 m = 8§ mm Ans.

2) Porter Governor:
The Porter governor is a modification of a Watt’s governor, with central load attached
to the sleeve. The load moves up and down the central spindle. This additional
downward force increases the speed of revolution required to enable the balls to rise to
any predetermined level. Consider the forces acting on one-half of the governor as
shown in Fig. 18.3 (b).
Let m = Mass of each ball in kg,

w = Weight of each ball in newtons = m.g
M = Mass of the central load in kg,
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W = Weight of the central load in newtons
=M.g,

r = Radius of rotation in metres,

h = Height of governor in metres ,

N = Speed of the balls in r.p.m .,

o = Angular speed of the balls in rad/s
=2 7w N/60 rad/s,

Fc = Centrifugal force acting on the ball in
newtons = m. ® 2.1,

T,= Force in the arm in newtons,

T,= Force in the link in newtons,

o = Angle of inclination of the arm (or
upper link) to the vertical, and

B = Angle of inclination of the link

(or lower link) to the vertical.

B

3
i ’r Arms
|

Central

load (w) B

(&)

Fig-'18.3. Porter goverror.

Though there are several ways of determining the relation between the height of the
governor (h) and the angular speed of the balls (®), yet the following two methods are

important from the subject point of view:

1. Method of resolution of forces; and 2. Instantaneous centre method.

1. Method of resolution of forces

Considering the equilibrium of the forces acting at D, we have

- W M.z
T, cm[i—?— 5
T. = f“f.g
or . 2 cos.p

. (i)

Again, considering the equilibrium of the forces acting on B. The point B is in
equilibrium under the action of the following forces, as shown in Fig. 18.3 (b).

(i) The weight of ball (w = m.g),
(ii) The centrifugal force (Fc),
Resolving the forces vertically

Tcosa=T, cos P+ w=

Resolving the forces horizontally,
I sino+ T, sin = F

M. . .

T, sin o + g xsin p = F-
2 cos

; M. 5

I, sin o + ?gxtan[i=f',,_-

}‘]sinnt:f-}_-—

-
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* tan B

M.g

= + I
= g

M. g
[ Thecosp=—= ]

e =
Zeos P

(iii) The tension in the arm (T)), and
(iv) The tension in the link (T>).

. = ()

>

M. g

. - . Eif)

g ———— P
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Dividing equation (iif) by equation (if),

M.g
ismoe "C "5 % tan 3
T, cos o M'g+m.g
2
or [%+m.g]t&nu:ﬁ:—%xtﬂﬁ
M'g+m.g= F- _M.gxtimﬁ
2 tan o 2 tan o
t
Substituting anﬁ:r:;,and tan oL = -, we have
tan o h
M. 2 h M.g o
= + M. g = B _rx;—T}iq ce i Fo=m.ora)
or m.w” h=m.g + M.g {1+ q)
r { :?1+£{l+q}
h={m.g+ - 'g{]+q}] — = - :{i_,
L 2 m m oy
v (IW)
. m #5— (1 + q)
or W = m.g+ﬂ{l+ql] = = x =
i 2 m.h m h
¢
2N} MR A,
or e - W 2
60 m i
M M
Iv:zm-i-T{}+.g}x£ ﬂ:r:.ﬂ'i-!!-?l'_]+q|'11-:”:g.;.5
‘ " h|2n m h
e A¥)

... (Taking g = 9.81 m/s?)
Notes : 1. When thelength of armizare equal to the length of links and the points Pand D hie on the same vertical
line. then
tan o = tan or g=tanot/tanf=1
Therefore, the equation (v) becomes

im+A) 895
- W —
m ht

N* oo (i)

2, When the loaded sleeve moves up and down the spindle, the frictional force acts on it in a direction
opposite to that of the motion of sleeve,

If F=Frctional force acting on the sleeve in newtons, then the equations (v) and (vf) may be written as
JH _g + F
mogd | ———— (1 +
g [ 5 }{ 4)  ggs
b
mg h

_m.g+(M.gx F)_ 895
B m.g % h ... (Wheng=1) ... (viii)
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The + sign 15 used when the sleeve moves upwards or the governor speed increases and negative sign is
used when the sleeve moves downwards or the governor speed decreases.

3. On comparing the equation (vi) with equation (i) of Watt's govermnor (Art. 18.5), we find that the

+ M
mass of the central load (M) increases the height of governor in the ratio = .
2. Instantaneous centre method
In this method, equilibrium of the forces acting on
the link BD are considered. The instantaneous centre / lies
at the point of intersection of P8 produced and a line through Pi<&
D perpendicular to the spindle axis, as shown in Fig. 18.4. |
Taking moments about the point /.
W s A
PE}{BMzwx.’M+TxID A |
- < [ ——P
M.z o
’ “F*
M M.g ID e
Fe=mgXx + g * “ T3 I
BM 2 BM
YW L
M M.g[fﬂirMD‘ <1
=m.gx + - \ 2\ ) 2!
BM 2 BM ) M W
: 2
o M +th(m +Mﬂ‘: T
= m.g - ]g. < Inslantaneous centre
BM 2 BM  BM ) methind.

M,
=m.gtanﬁ+Tg{tanbt+tanﬂ‘}

M MD :
e b =tan o, and — =tan
BM BM

Dividing throughout'by tan o,

Fe M. t M.
— L Omg+ £ 1+ ad =m.g+i{l+q] ‘:q=_tan[:'i
tan-fx 2z tan o 2 lan of
We know that F_= m.w-r  and uam:t:%
> _h Mg
LomearX—=m.g+——(l+gq)
r 2
m_g+M_;g 1+q) .t (PO
or h= 2 LI aae "
m mg m o

. . . [Same as before)
When tano=tanf} or g=1, then

:m+M}{i
m o

h
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Example 18.2. 4 Porter governor has equal arms each 250 mm long and pivoted on the axis
of rotation. Each ball has a mass of 5 kg and the mass of the central load on the sleeve is 25 kg. The
radius of rotation of the ball is 150 mm when the governor begins to lift and 200 mm when the
governor is at maximum speed. Find the minimum and maximum speeds and range of speed of the
governor.

Solution. Given : BP=BD=250mm=025m:m=5kg: M=15kg: r,= 150 mm
=0.15m; r,=200mm =02 m

i
| P ,
& | T —+
i 1 qf? | T
] Mo
(B 150 | 1% 200 | l
..... 3 ke ' G P _!.:.: i G
W ,
‘“j = o |
mg < | i RN
i D
' D
| Mg
Mg 2
2
{a) Minimum position. () Maxinmum posiion.

Fig. 185
The minimum and maximum positions otf'the governor are shown'in Fig. 18.5 (a) and ()
respectively.
Minimum speed when r,= BG =0.15 m
Let N, =Minimum speed:
From Fig. 18.5 (a). we find that height of the governor,

I PG =J(PBY —(BG) = /(025 — (0.15% =02 m

We know that

L
IN,)? = m + M ;.(395: S+15 xgﬁ — 17 900
m Iy 5 0.2
N, =1338 rp.m. Ans.

Maximam speed when r,= BG=0.2m

Let N, = Maximum speed.
From Fig. 18.5 (b), we find that height of the governor,

hy = PG = J(PB)® — (BG)® =4/(0.25)* — (0.2 =0.15 m

We know that
(N, }3=m+MXS‘}5=5+15x 895 _93 867
- #, 5 015
N, = 1345 rp.m. Ans.

Range of speed
We know that range of speed
=N,—N,=1544-133.8=20.7 r.p.m. Ans.
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Example 18.3. The arms of a Porter governor are each 250 mm long and pivoted on the
governor axis. The mass of each ball is 5 kg and the mass of the central sleeve is 30 kg. The radiu:
of rotation of the balls is 1500 mm when the sleeve begins to rise and reaches a value of 200 mm foi

maximum speed. Determine the speed range of the governor. If the friction at the sleeve is equivalen
of 20 N of load at the sleeve, determine how the speed range is modified.

Selution. Given : BP=BD=250mm :m =5kg : M=30kg: r,= 150 mm : ,=200 mm

First of all, let us find the minimum and maximum speed of the governor. The minimum anc
maximum position of the governor is shown in Fig. 18.6 (a) and (b) respectively.

Let Nl = Mimimum speed when = B =150 mm, and

N,=Maximum speed when r,= 8G = 200 mm.

. I
T p
s/ £
v hy &
|
1_5‘:1__'__1 5w ||
. | |
v g | 2
mg ° ¥ PRY,
mg +D
-l*D '
3 Mg
2 i
() Mininmm positian: (%) Maximum position,
Fig. 186

Speed range of the governor
From Fig. 18.6 (a), we find thatheightof the governor,

I = PG= \[(PBY — (BG)? =4(250)* — (150)* =200 mm = 0.2 m
We know that
3 m+M 895 5+30 895
*® = *
m h, 5 0.2
2 N,= 177 xpm.
From Fig. 18.6 (b), we find that height of the governor,

=31325

hy= PG = J(PBF —(BGY = JIZEGF — (200)" =150 mm =0.15m
We know that

5 +M 895 5+30 895
(NP =202 22 27 O 41767
- m h, 5 0.15
N,=2044rpm.

We know that speed range of the governor
=N,—N,=2044—-177 =274 rp.m. Ans.

Speed range when friction at the sleeve is equivalent of 2
N of load (i.e. when F= 20 N)

We know that when the sleeve moves downwards,
the friction force (F) acts upwards and the minimum speed is
given by
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m.g+(M.g —F) v 895
m.g Iy

(M) =

Rl — 4
=5><9.8]+{3[}><':?.Hl EU}XHE:ZEEDD
5x9.81 2

N, =172rpm.

We also know that when the sleeve moves upwards,
the frictional force (F) acts downwards and the maximum
speed 1s given by

(N, 2 mg+(M.g + F) - BO5

m.g h, Mote : This piclure is given as additional
information and is not a direct example of
the current chapter.

5% 98]+ (30x 981 + 20) . BO5
5x9.81 0.15

N,=210rp.m.

= 44200

We know that speed range of the governor
=N,—N,=210-172=38 rp.nx Ans.
3) Proell Governor:

The Proell governor has the balls fixed at B and C to the extension of the links DF
and EG, as shown in Fig. 18.12 (a). The arms FP and GQ are pivoted at P and Q
respectively.

Consider the equilibrium of the forces on one-half of the governor as shown in Fig.
18.12 (b). The instantaneous centre (/) lies on the intersection of the line PF produced
and the line from D drawn perpendicular to the spindle axis. The perpendicular BM is
drawn on ID.

T 3
B# N’ e G
| i et W 2
| F @
F . G g | E
B =
t‘\ lL'}
K‘Cﬁn’rral i
; Load (W) ol
D E 1 M ) :
W
Sleeve o
(a) (5

Fig. 18.12. Procll govemnor.

Taking moments about /, using the same notations as discussed in Art. 18.6 (Porter governor),

W M.
FE-KB_-H=M=:{LH+T><fﬂ=m_g><!M+ g:—cfﬂ -l
;AU M g M.g (IM+ MD ;

C =4 BM 5 BM Ao 1D =1M+ MD)
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Multiplying and dividing by FM, we have

M| IM M.g(IM MD
Fe=——Im.gx + +
BM | M 2 \FM FM
FM [ M.g
=——|mgxXtantf + —= (tan & + tanp)
IV 5] ﬁ]
=F—Mxtanu m‘g+M'g H_tanﬂ
BM 2 tan o
N F _ IHIIEI
We know that F.=m.w"r; t:mﬂ.:; and 9 T

mmzr—FMxr m +M.g“+ )
7TV R T

= M %
) m+?(l+q} &

w = = .
and BM m h <o+ (8)

]

Substituting ~@=2nN/60, and g=9.81m/s we get

, FM

-

+ M s
,  Fum | ™Y 3 149 s
BM m e . .. ({if)

_ |

Notes : 1. The equation (f) may be applied to 4ny given'configiimtion of the governor.

N

2. Comparing equation (ii#) with the egdation (¥).of the Porter governor (Art. 18.6), we see that the
equilibrium speed reduces for the given valués 6f m, Mand h. Hence in order to have the same equilibrium

speed for the given values of m, M and fy Balls of sinaller masses are used in the Proell governor than in the
Porter governor.

3. When o =§. then g = 1. Therefore equation (#if) may be written as

2 AFM (mT M 895
NAS i = % {# being in metres) ...(iv)

‘ _Example 189: 4 Proell governior has equal arms of length 300 mm. The upper and lower
ends of the arms are pivoted on the axis of the governor. The extension arms of the lower links are
each 80 mm long and parallel 1o the axis when the radii of rotation of the balls are 150 mm and
200 mm. The mass of each ball is 10 kg and the mass of the central lpad is 100 kg. Determine the
range of speed of the governor.

Solution. Given : FF=DF =300 mm ; BF =80 mm ; m = 10 kg ; M = 100 kg ;
ry= 150 mm; r,=200 mm
First of all, let us find the minimum and maximum speed of the governor. The minimum and
maximum position of the governor is shown in Fig. 18.13.
Let N,=Minimum speed when radius of rotation, , = FG = 150 mm ; and
N,=Maximum speed when radius of rotation , r,= FG =200 mm.
From Fig. 18.13 (a), we find that height of the governor,

by = PG = \[(PFY’ — (FG)’ =4J(300)° — (150 =260 mm =026 m
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and FM=GD=PG=260mm=026 m
BM=BF+FM=80+260=340mm=034m

We know that (N _FM [,H+M]395

BM m Iy
0.26 {10 + 100 | 895
= =28956 or N,=170rp.m.
u_34[ 10 ]n_zﬁ ! ¥
o |
| a
,.S? | |
Ff} fy F': ﬁé} h;
p TR | ;AR |
&0 mgf B0 mg
\ Fy/ 150 | Y F_ 200 o1 ¥
| G /.’ | G
o e
o B ] B,
L% | \ |
o %
)
Bl f
B f 1
¢
it ¥ # D ZHPES - LD
Mg Mg
2 2
Alldimensions in mm.
{a) Minimum position. {a) Maximum position.

Fig. 18.13

Now from Fig. 18.13 (b), w& find that height of the governor,

hy = PG= \[(PF)* — (FG)? = /(300)* — (200)* = 224 mm = 0224 m
and FM=GD=PG=224mm=0224m
BM=BF+ FM=80+ 224 =304 mm = 0.304 m

Wk tht{"f}ll—f'M m + M | 895 B
e Kknow that (J/v; M = h: PO (Sl 1 or g )
/L 0.224 (10 + 100 | 895 ~32385 or N,=180rpm.
0.304 10 0.224 i
We know that range of speed
=N,—N,=180-170=10rp.m. Ans.

Note : The example may also be solved as discussed below :
From Fig. 18.13 (a), we find that
sineg = sinf=150/300=05 or o=f=30°
and MD FG=150mm=015m
FM = FDcos fi=300 cos 30° =260 mm = 0.26 m
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IM = FMtana=026 tan 30° =015 m
BM = BF+ FM=380+260=340 mm =034 m
1D =iM+MD=015+0.15=03m

We know that centrifugal force,

2rN,
Fp= T =10
c=m{my) 5 [ &0
Mow taking moments about point £,

M.
Fex BM = m.gx IM +Tgxm
100 % 9.81
or 0.0165 (¥;)” 0.34 =10 9.81x0.15 + ———— x 0.3

0.0056 I:N]}: = 14.715 + 147.15 = 161.863

_ .2 161.865
(M)~ = 0sE 28904 o N, =170 rp.m.

Similarly N, may be calculated.

3 ]z 0.15 =0.0165 (N,)”

Example 18.10. 4 governor of the Proell type has each arm 250 mm long. The pivots of the
upper and lower arms are 25 mm from the axis. The central load acting on the sleeve has a mass of
235 kg and the each rotating ball has a mass of 3.2 kg. When the gﬂverﬂar.sfbeve is in mid-, paﬂ.rmn,
the extension link of the lower arm is vertical and the raﬂ’ms of the paﬁﬂf rotation of the masses is

175 mm. The vertical height of the governor is 200 mm.

If the governor speed is 160 r.p.m. when i m:d-—posumn, f' nd 3. length 0j the extension

link; and 2. tension in the upper arm.

Solution. Given : PF = DF = 250 mm = 0.25 m @.PQ = OH = KG =25 mm = 0.025 m
M=25kg:m=32kg:r=FG=175mm=0.17T8m: i=0CG=PK=200mm=02m: N=160rp.m

1. Length of the extension link
Let BF = Length of the extemsion link.
The Proell governor in its mid-pesition isshown ~
in Fig. 18.14.

From the figure, we find that
FM = GH= @G =200 mm =0.2'm

Fe®

We know that
N2 :F.M (m-kzu ]395‘
BM m ‘ h Yo
s a=PRorg=1)
60)? 0.2 [3_2+ 25}395 _ 7887
i BM 33 0.2 BM

BM = 7RE7/(160)Y = 0.308 m
From Fig. 18.14,

P—Q
[ T
A ad ‘ |
Gaadr || "
S
ma, K l
X ——— 18
o ﬁ
|
B I
B
M p[ 1P
—pEEI-'!—
Mg v
2

BF=BM-—-FM=0308 —02=0108 m= 108 mm Ans.

2. Tension in the upper arm
Let T, = Tension in the upper arm.

PK = \J(PFY — (FK)® = \JIPF)? —(FG — KG)

- -J{ESD}: — (175 — 25)° = 200 mm
cos o = PK/PF =200/250 = 0.8

and T{cusﬂ=mg+%=3.2x9.ﬂl+w=154N
Ti =£=E=]92_5N A“E.
cosot OB
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4) Hartnell Governor:

A Hartnell governor is a spring loaded governor. It consists of two bell crank levers
pivoted at the points O,0 to the frame. The frame is attached to the governor spindle and
therefore rotates with it. Each lever carries a ball at the end of the vertical arm OB and
a roller at the end of the horizontal arm OR. A helical spring in compression provides
equal downward forces on the two rollers through a collar on the sleeve. The spring
force may be adjusted by screwing a nut up or down on the sleeve.

" : Mt
Let m = Mass ofeach ball in kg, | /
: ’ Sprin Fr
M = Mass of sleeve n kg, pring \\ R ‘_/_ ame
r, = Minimum radius of rotation in  Bell crank \‘ 152
metres, Lever 1'5, 7 &Bal
. A . A . i Iy ]
r, = Maximum radius of rotation in \\1 B| N B iB
metres, 4 \L\ 7 5
@, = Angular speed of the governor at x & | o Lo} |
i . ) | Ny i
minimum radius in rad/s, ¢ £ 0d S S N
0+ RAN|ER 0
®, = Angular speed of the governor at |k & . %
maximum radius in rad/s, | o 18 Collar
5, = Spring force exerted on the sleeve Roller o | B Sleeve
at @, In newtons, |
: s ; (% Spindle
8, = Spring force exerted on the slegve
at @, In newtons, Fig. 18.18. Harmell governor.

Fci = Centrifugal force at w1 in newtons=m (w;)> 11,

Fc, = Centrifugal force at »; innewtons = m (w,)* 12,

s = Stiffness of the spring or the force required to compress the spring by
one mm,

x = Length of the vettical or ball arm of the lever in metres,

y = Length of the horizontal or sleeve arm of the lever in metres, and

r = Distance of fulcrum O from the governor axis or the radius of rotation
when the governor is in mid-position, in metres.

Consider the forces acting at one bell crank lever. The minimum and maximum
position is shown in Fig. 18.19. Let h be the compression of the spring when the radius
of rotation changes from r; to 1».

For the minimum position i.e. when the radius of rotation changes from r to ry, as
shown in Fig. 18.19 (a), the compression of the spring or the lift of sleeve h; is given by

h_o r-n
v ox X v+ 40)
Similarly, for the maximum position i.e. when the radius of rotation changes from rto r,, as
shown in Fig. 18.19 (b), the compression of the spring or lift of sleeve A, is given by

h] i 7 Bot®

S .- . (@)

y X X
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ar

ar

Adding equations (f) and (i),

h+h _n-n = h_n-n (v h=hy+hy)
¥ X ¥ x -
1|
#=[rz—r.1"; . ... (iii)
+4 M w
Fei  ~H3 5 I8
i Foo 4—g—i 81 |
&l | |
| Mg % i d ; > %
|"‘—at—h;"—‘r‘;—i = mg Mg+ g | E
[*] (=}
9/ - MI+S, |9 0, l | O
/X 2 | — Hl
SN | — e = T T
bk o vl Yy jﬁ_j_‘:’;'_f'i_|
8] f o
y h1| .L |
|y, — I
{a) Minimum position. {h) Maximugy position.
Fig.. 1819
Now for minimum position, taking mements about pomt {J, we get
M.g+ 8§
b W = Fq X47— mg X ay
2 :
_'H.g +ES‘I =_{Fc1 “Il _m.g xa]} ....{l!-ll
L)
Again for maximum position, taking moments about point (, we get
Mg+ 5
—% X = FealX o + m.g X a;
2
Mg+ 5 =—(FoGXxx, +mgxa,) e (v)

1-|

Subtracting equation (iv) from equation (v),

5, =8 = f (Fes X2, +m.g‘:~<uﬂ—%{ﬁ_~] Xx, —m.g¥xa)
We know that ) B
§5,—8§,=hs, and h=(r - rl}%
s=33_51=[31_51 X
h n=n )y

Neglecting the obliquity effect of the arms (i.e. x, =x,=x, and v, =y, =y) and the moment
due to weight of the balls (i.e. m.g), we have for minimum position,

M.g + §
Jg—'x}'=Fﬂ>¢-‘-’ or 1""4"‘:5.""'S|=*'“r¢:|:"‘:i
¥y
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Similarly for maximum position,

Mxv—ﬁjxr or M.g+SE=EFc1K£ - .. (vii)
Subtracting equation (v#) from equation (vii), g
S, =S =2 Ry~ F) 2 {viid)
We know that ¥
8,-8, =hs, and h:{rz—ﬁ}%

5; - § Fer — Foy -1'1
§=— =2 ]— = 1= R
g P [ g 5 N iy

Notes ; 1. Unless otherwise stated, the obliquity effect of the arms and the moment due to the weight of the balls
is neglected, in actual practice.

2. When friction is taken into account, the weight of the sleeve (M.g) may be replaced by (M.g. + F).

3. The centrifugal force (F) for any intermediate position (i.e-between the minimum and maximum
position) at a radius of rotation (r) may be obtained as discussed below :

Since the stiffness for a given spring 1s constant for all positions, theréfore for minimum and interme-

diate position,
o " Y =
sy F-Fa || x
; r—run <X
. i JL¥
and for intermediate and maximum position,
(F., <F. Ybx
c=1] T 7 TcolR® )
e { B
From equations (ix), () and (x7),
‘Ffr::—Fm:F Fﬁ; CZAN ‘rr_
r=n =i R
- 5 T+ - F —n = - F,- -
or f'f:"*"r]‘*‘(ft:—f':r[][ ]]=-'L{'_:—lf'[1 f'n}{ ]
B B—h

Example 18.13. 4 Hartnell governor having a central sleeve spring and two right-angled
bell crank levers moves-between 290 rp..and 310 rp.m. for a sleeve lift of 15 mm. The sleeve arms
and the ball arms are 80 mm and 120 mm respectively. The levers are pivoted at 120 mm from the
governor axis and mass of each ball is 2.5 kg. The ball arms are parallel to the governor axis at the
lowest equilibrium speed. Determine : 1. loads on the spring at the lowest and the highest equilib-
ritun speeds, and 2. stiffness of the spring.

Solution. Given :' N, =290 r.p.m. or w, =2 1 x 290/60 = 30.4 rad/s ; N,=310r.p.m. or
m, = 2 ®.x 310/60 = 32.5 rach"s hA=15mm=0.015m:;y=80 mm= L'I{}Ern x=120mm =
0.2m;r=120mm=0.12m;m=25kg
1. Loads on the spring at the lowest and highest equilibrium speeds

Let § =Spring load at lowest equilibrium speed, and

§,=Spring load at highest equilibrium speed.

Since the ball arms are parallel to governor axis at the lowest equilibrium speed (i.e. at
N, =290 r.p.m.), as shown in Fig. 18.20 (), therefore

r=r=120mm= 0.12m
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We know that centrifugal force at the minimum speed,

Fop=m (o) r,= 25(304) 0.12=277N
Now let us find the radius of rotation at the highest equilibrium speed, i.e. at N,=310 r.p.m.
The position of ball arm and sleeve arm at the highest equilibrium speed is shown in Fig. 18.20 (b).

Let r,= Radius of rotation at N,= 310 r.p.m.
We know that h=(r,—n)L
X
: ..
o n=n+h|=|=012+0015 0.02 leoaazs
: ¥ 0.08

. Centrifugal force at the maximum speed,

=M ) HR=40 X (3423 X4, =2ai0
Fea { ;:Ij =D (32.5) x 0.1425=376 N
I
F ; B
ezl Faeg—ER
T - | T E g
e re 4| ¢
x¥=120 mm 4—— r=r, —.,2 %, Mg+ S, E‘
Mg+8 |5 ‘ 2 -
2 £ K i &
| : " VA
m }u" » = i
1] TF"1 [ 1N W ’ ”h—TEmm
4 y=80mm — ﬂ;‘ fo—», T
“ 120 mm "I |——— 120mm ——
(a) Lowest position, {#) Highest position.
Fig. 18.20

Neglecting the obliquity effectiof arms and the moment due to the weight of the balls, we
have for lowest position,

_ 0.12
M.g+8 =2F, x 2 =2x277%—- =831 N
v (.08

8¢ =831 N Ans. (- M=0)

and for highest position,
Mg+$=2F,xE=2x376x 22 _ 1128 N
¥ 0.08
5, =1128 N Ans. (= M=0)
2. Stiffness of the spring

We know that stiffness of the spring,

o ; B ”23[; 831 1908 Nimii Aus,
1
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Example 18.14. In a spring loaded Hartell tnpe governor, the extreme radii of rotation of
the balls are 80 mm and 120 mm. The ball arm and the sleeve arm of the bell crank lever are equal
in length. The mass of each ball is 2 kg. If the speeds at the two extreme positions are 400 and
420 r.p.m., find : 1. the initial compression of the central spring, and 2. the spring constant.

Solution. Given: r, =80 mm=008 m ; ,=120mm=0.12m ;x=y :m=2 kg ; N, =400
rp.m. or @ =2 1 % 400/60 = 41.9 rad/s ; N,= 420 rp.m. or i, = 2 «© ¥ 420/60 = 44 rad/s
Initial compression of the ceniral spring

We know that the centrifugal force at the minimum speed,

Foy =m (@,F r,=2 (4197 0.08=281N
and centrifugal force at the maximum speed,
Fo, =m (0l r,=2(44) 0.12=465N
Let §; = Spring force at the minimum speed, and
S, = Spring force at the maximum speed.

We know that for minimum position,

M.g+8=2F x>

.1I

=2F.  =2x28]l =502 N .- M=0andx=y)

'51 Cl

Similarly for maximum position,

- S, =2F, =2%465=930 N
We know that lift of the sleeve,

h=(r —r,}izrz — 1 =120 — 80 = 40 mm o x =)
X =

Stiffness of the spring,
S, —.5,.° 930 <562

s= = = 5.2 N/mm
h 40
We know that initial compression of the central spring
hY 562
=it 202 =6l mm Ans.
5 92

2. Spring constant
We have calculated above that the spring constant or stiffness of the spring,
5 = 9.2 N/mm Ans.
Sensitiveness of Governors:

Consider two governors A and B running at the same speed. When this speed
increases or decreases by a certain amount, the lift of the sleeve of governor A is greater
than the lift of the sleeve of governor B. It is then said that the governor A is more
sensitive than the governor B.

In general, the greater the lift of the sleeve corresponding to a given fractional
change in speed, the greater is the sensitiveness of the governor. It may also be stated in
another way that for a given lift of the sleeve, the sensitiveness of the governor increases
as the speed range decreases. When the governor is fitted to an engine, the practical
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requirement is simply that the change of equilibrium speed from the full load to the no
load position of the sleeve should be as small a fraction as possible of the mean
equilibrium speed. For this reason, the sensitiveness is defined as the ratio of the
difference between the maximum and minimum equilibrium speeds to the mean
equilibrium speed.

Let N; & No= Minimum and maximum equilibrium speed respectively,
o N, + N,
N = Mean equilibrium speed = ———

Sensitiveness of the governor

. .. {In terms 6f angular speeds)

Stability of Governors:

A governor is said to be stable when for every speed within the working range there
is a definite configuration i.e. there is only one radius of rotation of the governor balls
at which the governor is in equilibrium. For a stable governor,if'the equilibrium speed
increases, the radius of governor balls must also increase.

Note: A governor is said to be unstable, if the radius of rotation decreases as the speed
increases.
Isochronous Governors:

A governor i1s said to be isochronous when the equilibrium speed is constant (i.e.
range of speed is zero) for all radii of rotation of the balls within the working range,
neglecting friction. The isochronism 1is - the stage of infinite sensitivity.

Let us consider the case of a Porter governor running at speeds N; and N, r.p.m. We
have,

M
m+ == (1+ g) 205

(NAN= = x e (D
it h,

M
m + — (1+ g)
and (N = = e v (i)
- m h,
For isochronism, range of speed should be zero i.e. N, — Ny = 0 or N, = N,. Therefore
from equations (#) and (ii), #; = h,, which is impossible in case of a Porter governor.
Hence a Porter governor cannot be isochronous. Now consider the case of a Hartnell

governor running at speeds N; and N, r.p.m. We have discussed that

x 2n N, : X
M.g+85 =2FyX—=2xm X —
£ | Cl 3 [ 60 ] | 3 ... (HH7)
] 2“ :%I-'j i’ X
and M;_g-rS::EH:-:Ki:E}(m ']rlxl .. (iv)
¥ 4
For isochronism, N, = N ,. Therefore from equations (iii) and (iv),
M.g+58 n
Mg+8 n
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Flywheel and its functions:

e A flywheel used in machines serves as a reservoir, which stores energy during the
period when the supply of energy is more than the requirement, and releases it during
the period when the requirement of energy is more than the supply.

e In case of steam engines, internal combustion engines, reciprocating compressors and
pumps, the energy is developed during one stroke and the engine is to run for the
whole cycle on the energy produced during this one stroke.

e When the flywheel absorbs energy, its speed increases and when it releases energy,
the speed decreases. Hence a flywheel does not maintain a constant speed, it simply
reduces the fluctuation of speed.

e A flywheel controls the speed variations caused by the fluctuation of the engine
turning moment during each cycle of operation.

e In machines where the operation is intermittent like *punching machines, shearing
machines, riveting machines, crushers, etc., the flywheel stores energy from the
power source during the greater portion of the operating cycle and gives it up during
a small period of the cycle.

e Thus, the energy from the power source to the machines is-supplied practically at a
constant rate throughout the operation.

Comparison between Flywheel & Governor:

Governor
Its function is to regulate the supply.of
driving fluid producing energy,
according to the load requirements so
that at different loads almost a constant
speed is maintained.
It is provided on prime movers such as
engines and turbines.
It takes care of fluctuation of speed due
to variation of load over long range of
working of engines and turbines.
It works intermittently i.e. only when
there is change in the load.
But for governor, there would have
been unnecessarily more consumption
of driving fluid. Thus it economises its
consumptions.

Coefficient of Fluctuation of Speed:
106

Flywheel
Its function 1is to store available

mechanical energy when it is in excess
of the load requirement and provide the
same when the available energy is less
than that required by the load.

It is provided on engine and fabricating
machines e.g., rolling mills, punching
machines shear machines, presses, etc.
In engines it takes care of fluctuations
of speed during thermodynamic cycle.

It works continuously from cycle to
cycle.

In fabrication machines, it is very
economical to use it as its use reduces
capital investment on prime movers
and their running expenses.
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The difference between the maximum and minimum speeds during a cycle is called
the maximum fluctuation of speed. The ratio of the maximum fluctuation of speed to the
mean speed is called the coefficient of fluctuation of speed.

Let N;and N, = Maximum and minimum speeds in r.p.m. during the cycle, and
N = Mean speed in r.p.m. = (N; + N;)/2
=~ Coefficient of fluctuation of speed,
N-N, 2(N-N,)

= =
¥ N _-"v"J +N,

W = J(UJI —u11:]

—..(In terms of angular speeds)
(0] W + W,

..{In terms of linear speeds)

The coefficient of fluctuation of speed is a limiting factor in the design of flywheel. It
varies depending upon the nature of service to which the flywheel is employed.
Coefficient of Steadiness:

The reciprocal of the coefficient of fluctuation of speed is known as coefficient of
steadiness and is denoted by m,

Energy Stored in a Flywheel:
When a flywheel absorbs energy, its speed increases and when it gives up energy,

its speed decreases.

Let m = Mass of the flywheel in kg,
k = Radius of gyration of the flywheel in metres,
I = Mass'-moment of inertia of the flywheel about its axis of rotation
in kg-m? = m.k?,

N; and N, = Maximum and minimum speeds during the cycle in r.p.m.,

o, and o, = Maximum and minimum angular speeds during the cycle in
rad/s,

J'“'I-'II + .'J.l"._|

2

N = Mean speed during the cycle mrp.m. =

o + o

. s | 2
@ = Mean angular speed during the cycle in rad/s = = ;

N =N - )
I Enrm] 2

C, = Coefficient of fluctuation of speed, = N -

We know that the mean kinetic energy of the flywheel,

.oy =—xm.k” .o (in N-m or joules)
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As the speed of the flywheel changes from ®, to @,. the maximum fluctuation of energy,
AF = Maximum K_E. — Minimum K_E.

=21 (@) —5x1 (o) %“[(“’j '("’1}1]

1
=EXI{mE +m:}[m| _m:)=f‘m(m| _mz] --(#)
GO,
i @@= =
Lo — o,

=1.w T_ cee (Multiplying and dividing by o)

= L@’ .Co=m.k".or.Cg TN =4 0 = B ()
. 1 ;.

= 2.E.C, (in N—m or joules) [ E= 2% {0 ] .. (Fiif)

The radius of gyration (k) may be taken equal to the mean radius of the rim (®). because the
thickness of rim is very small as compared to the diameter of rim. Theretore, substituting £ = R, in
equation (i), we have

AE =mR .o’ . Co=ma’.Cg
where v = Mean linear velocity (i.e. at the mean radius) in m/s = w &

Motes. 1. Since =2 x N/G0, therefore equation (f) may be written as

En-ﬁ..'irzﬂ_-"l"l 2:"]-.'1"&{3 _ 4?::

AE=T1x

s | e & _B;ﬁnd_xfx.ﬁ[rfl—wz)'

2. In the above expressions, only the mass moment of inertia of the flywheel rim (I) is considered and
the mass moment of inertia of the hub and arms is-neglected. This is due to the fact that the major
portion of the mass of the flywheel is in.the rim and a small portion is in the hub and arms. Also the
hub and arms are nearer to the axis. of rotation, therefore the mass moment of inertia of the hub and

arms 1s small.

Example16.1. The mass of flvwheel ofan engine is 6.5 tonnes and the radius of gyration
is 1.8 metres /It is found from the turning moment diagram that the fluctuation of energy is
56 kN-m_ ffthe mean spéed of the engine iz 120 rp.m., find the maximum and mininum speeds.

Solution. Given :m =65t=6500kg; At=18m ;A E =356 kN-m =56 x 108 N-m ;
N=120rpm.

Let N, and ¥, = Maximum and minimum speeds respectively.

We know that fluctuation of energy (A E).

2 ¥l

b m
s6 = 10° = 900 w m. k2. f'o.-'{,ﬂ.-'l__.'\,’z} = ﬁ = (500 {I_E}z 120 f_-"v'-] —A"'rrz}

=27 715 (N, —N,)

N,—N, = 56 x 10° /27 715 =2 r.p.m. A
We also know that mean speed (N),
Nl + N

120 = TZ or N + N, =120 x 2 = 240 rp.m. ...{if)

From equations (f) and (i7),
N, =121 rpm.,and N, =119 rp.m. Ans.
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Example 16.2. The flvwheel of a steam engine has a radius of gyration of 1 m and mass
2500 kg. The starting torque of the steam engine is 1500 N-m and may be assumed constant.

Determine: 1. the angular acceleration of the flywheel, and 2. the kinetic energy of the fhirwheel
after 1) seconds from the stari.

Solution. Given: k=1 m:;m =2500 kg ;: T= 1500 N-m
l. Angular acceleration of the flywheel

Let oo = Angular acceleration of the flywheel.

We know that mass moment of inertia of the flywheel,

I = mk*=2500x 17=2500 kg-m?
. Starting torque of the engine (7)),
1500 = Lae=2500 x o0 or o= 1500/2500=067rad/s* Ans.

2. Kinetic energy of the flywheel

First of all, let us find out the angular speed of the flywheel after 10 seconds from the start
(i.e. from rest), assuming uniform acceleration.
Let @, = Angular speed at rest=10
®, = Angular speed afier 10 seéconds, and

t = Time in seconds.

We know that @, = m, +oet=0+0.6x10=6 rad’/s
. Kinetic energy of the flywheel
=%>.; ;{mﬂ)' <@ % 2500 % 67 = 45 000 N-m = 45 kN-m Anps,
- .

Fluctuation of Energy:

e The fluctuation of energy may be determined by the turning moment diagram for one
complete cycle rotation.

e The vibration of energy above and below the mean resisting torque line in the turning
moment diagram are called fluctuation of energy.

e The difference between the maximum and the minimum energy is known as
maximum fluctuation of energy

T T b Mean resisting d
- il R I torque I
= f | |
o
E i |
[=3 | |
= A ' c '
= TrnF.-an Bl | | ) i | i E F
& [ I I | [
= | ! | | | |
| ' | | | |
a | ' | B . | e
o R o0° 9 180 ¢ 2700 F 3sQ°

Crank angle ———=

Fig. 16.1. Turning moment diagram for a single cylinder, double acting steam engine.
The fluctuation of energy may be determined by the turning moment diagram for
one complete cycle of operation. Consider the turning moment diagram for a single
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cylinder double acting steam engine as shown in Fig. 16.1. We see that the mean
resisting torque line AF cuts the turning moment diagram at points B, C, D and E. When
the crank moves from a to p, the work done by the engine is equal to the area aBp,
whereas the energy required is represented by the area a4Bp. In other words, the engine
has done less work (equal to the area a AB) than the requirement. This amount of energy
1s taken from the flywheel and hence the speed of the flywheel decreases. Now the crank
moves from p to g, the work done by the engine is equal to the area pBh(Cg, whereas the
requirement of energy is represented by the area pBCq. Therefore, the engine has done
more work than the requirement. This excess work (equal to the area Bh(C) is stored in
the flywheel and hence the speed of the flywheel increases while the crank moves from
p to q.

Similarly, when the crank moves from q to r, more work is taken from the engine
than is developed. This loss of work is represented by the area CcD. To supply this loss,
the flywheel gives up some of its energy and thus the speed decreases while the crank
moves from q to r. As the crank moves from r to s, excess energy is again developed
given by the area DdE and the speed again increases. As the piston moves from s to e,
again there is a loss of work and the speed decreases. The variations of energy above
and below the mean resisting torque line are called fluctuations. of energy. The areas
BbC, CcD, DAE, etc. represent fluctuations of energy.

Maximum Fluctuation of Energy:

A little consideration will show that the engine has a maximum speed either at q or
at s. This is due to the fact that the flywheel absorbs energy while the crank moves from
p to q and from r to s. On the other hand, the engine has a minimum speed either at p or
at r. The reason is that the flywheel gives out some of its energy when the crank moves
from a to p and q to r. The difference between the maximum and the minimum energies
1s known as maximum fluctuation of energy.

A turning moment diagram for a multi-cylinder engine is shown by a wavy curve in
Fig. 16.4. The horizontal line AG represents the mean torque line. Let a1, as, as be the
areas above the mean torque line and a», as and a¢ be the areas below the mean torque
line. These areas represent some quantity of energy which is either added or subtracted
from the energy of the moving parts of the engine.

-

Mean
torque  da dy 2
line

Turning moment
T

— Crank angle —»

Fig. 16.4. Determination of maximum fluctuation of energy.
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Let the energy in the flywheel at 4 = E,|
then from Fig. 16.4, we have

EnergyatB =E+a,

EnergyatC = E+a—a,

EnergyatD = E+a, —a, +a,

EnergyatE = E+a,—a,+a,—a,

Energyat F =E+a —a, ta,—a, +a,

EnergyatG= E+a —a,ta,—a,*a.—aq,

= Energy at 4 (i.e. cycle
repeats after ()

Let us now suppose that the greatest of
these energies is at B and least at E. Therefore,

Maximum energy in flywheel

=E+a, o enepdy IS in ,u..:f
Minimum energy in the flywheel
=E+a —a ta,—aq,
. Maximum fluctuation of energy,
A F = Maximum energy ~ Minimum energy
=(E+ a]}—{E+ -, tap—a)=e,—a, ta,
Coefficient of Fluctuation of Energy:
It may be defined as the ratio of the maximum fluckaation of energy to the work done
per cycle. Mathematically, coefficient of fluctuationof energy,
Maximum ‘fluctuatior’ of energy
- Wark done.per cycle

The work done per cycle (in N-m‘or joulgs) may be obtained by using the following two
relations :

1‘r'-‘E

1. Work done per cycle =T x B

e
where T . = Mean torque, and

JTHE
B = Amngle turned (in radians). in one revolution.

= 2x. in case of steam engine and two stroke internal combustion
engines

41t; in case of four stroke internal combustion engines.

The mean torque (7, ) in’N-m may be obtained by using the following relation :

o _Pxe0_p
T IgN @
where P = Power transmitted in watts,

N = Speed in r.p.m., and
w = Angular speed in rad/s = 2 nN/60
2. The work done per cycle may also be obtained by using the following relation :
P60

Work done per cycle =

where n = Number of working strokes per minute,

= N, in case of steam engines and two stroke internal combustion
engines,

= N /2. in case of four stroke internal combustion engines.
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Table 16.1. Coefficient of fluctuation of energy (C;) for steam and internal

combustion engines.

S.No. Type of engine Coefficient of fluctuation
of energy (Cp)
1. Single cylinder, double acting steam engine 0.21
2, Cross-compound steam engine 0.096
3 Single cylinder. single acting, four stroke gas engine 1.93
4, Four cylinders, single acting, four stroke gas engine 0.066
5. Six cylinders, single acting, four stroke gas engine 0.031

112



DELL
New Stamp


Chapter-05: Balancing of Machine

Unbalance
The condition which exists in a rotor when vibratory force or motion is imparted to its
bearings as a result of centrifugal forces is called unbalance or the uneven distribution

of mass about a rotor’s rotating centerline.
Principal Inertia Axis

Geometric Centerline

Rotating Centerline

The rotating centerline being defined as the axis about which the rotor would rotate if
not constrained by its bearings. (Also called the Principle Inertia Axis or PIA).
Geometric Centerline

The geometric centerline being the physical centerline of the rotor.

When the two centerlines are coincident, then the rotor will be in a state of balance.
When they are apart, the rotor will be unbalanced.

Causes of Unbalance

In the design of rotating parts of a machine every care is taken to eliminate any out of
balance or couple, but there will be always some residual unbalance left in the finished
part because of

. Slight variation in the density of the material or
2. Inaccuracies in the casting or
3. Inaccuracies'in machining of the parts.

Why Balancing ?

1) A level of unbalance that is acceptable at a low speed is completely unacceptable at a
higher speed.

2) As machines get bigger and go faster, the effect of the unbalance is much more severe.

3) The force caused by unbalance increases by the square of the speed.

4) If the speed is doubled, the force quadruples; if the speed is tripled the force increases
by a factor of nine.

5) Identifying and correcting the mass distribution and thus minimizing the force and
resultant vibration is very very important

Balancing
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Balancing is the technique of correcting or eliminating unwanted inertia forces or
moments in rotating or reciprocating masses and is achieved by changing the location
of the mass centers.

The objectives of balancing an engine are to ensure:

e That the centre of gravity of the system remains stationery during a complete
revolution of the crank shaft and

e That the couples involved in acceleration of the different moving parts balance each
other.

Balancing of Rotating Masses

Whenever a certain mass is attached to a rotating shaft, it exerts some centrifugal
force, whose effect is to bend the shaft and to produce vibrations in it. In order to prevent
the effect of centrifugal force, another mass is attached to the opposite side of the shaft,
at such a position so as to balance the effect of the centrifugal force of the first mass.
This is done in such a way that the centrifugal forces of both the masses are made to be
equal and opposite. The process of providing the second mass in order to counteract the
effect of the centrifugal force of the first mass is called balancing of rotating masses.
The following cases are important from the subject point of view:

1. Balancing of a Single Rotating Mass By a Single Mass Rotating in the Same Plane:

Consider a disturbing mass m; attached to a shaft rotating at o rad/s as shown in Fig.
21.1. Let r; be the radius of rotation of the mass m; (i.e. distance between the axis of
rotation of the shaft and the centre of gravity of the mass my).
We know that the centrifugal force exerted by the mass m; on the shaft,

Fre =m]-m1-rl . 11
This centrifugal force acts radially outwards and thus produces bending moment on the
shaft. In order to counteract the effect of this force, a balancing mass (m;) may be
attached in the same plane of rotation as that of disturbing mass (m;) such that the
centrifugal forces due to the two masses are equal and opposite.

. ‘_F_Dlsmrhmg
" B / B = A mass
!
- :)E"'I 3
A 3
, g -
_ - - - - == —h]-—;-'-.ms of rotation
/ F
| fia 2
|
; /| ~Balancing mass
me = = = w» ™

Fig. 21.1. Balancing of a single rotating mass by a single mass rotating in the same plane.
Let r, = Radius of rotation of the balancing mass m, (i.e. distance between the axis of
rotation of the shaft and the centre of gravity of mass my).

=~ Centrifugal force due to mass my,
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= r .
Fea=my -y -p . =« (iF)
Equating equations (f) and (if),
2 2
M- =my -0 - O By h =My R

2. Balancing of a Single Rotating Mass By Two Masses Rotating in Different Planes:

The previous type of arrangement for balancing gives rise to a couple which tends
to rock the shaft in its bearings. Therefore in order to put the system in complete balance,
two balancing masses are placed in two different planes, parallel to the plane of rotation
of the disturbing mass, in such a way that they satisfy the following two conditions of
equilibrium.

i.) The net dynamic force acting on the shaft is equal to zero. This requires that the line
of action of three centrifugal forces must be the same. In other words, the centre of
the masses of the system must lie on the axis of rotation. This is the condition for
static balancing.

ii.) The net couple due to the dynamic forces acting on the shaftis'equal to zero. In other
words, the algebraic sum of the moments about any point in the plane must be zero.

The conditions (/) and (2) together give dynamic. balancing. The following two
possibilities may arise while attaching the two balancing masses:

i.) The plane of the disturbing mass may be in between the planes of the two balancing
masses, and

ii.) The plane of the disturbing mass may lie on the left or right of the two planes
containing the balancing masses.

We shall now discuss both the above cases.
Case-1
Consider a disturbing mass m lying in a plane A to be balanced by two rotating masses
m;and m; lying in two. different planes L and M as shown in Fig. 21.2. Letr, r; and r; be
the radii of rotation of the masses in planes A, L and M respectively.
Let /1 = Distance between the planes A and L,

[, = Distance between the planes A and M, and

[ = Distance between the planes L and M.
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Fig. 21.2. Balancing of a single rotating mass by two rotating masses in different planes when the
plane of single rotating mass lies in between the planes of two balancing masses,

We know that the centrifugal force exerted by the mass m in the plane A,
F =m0y -r
Similarly, the centrifugal force exerted by the mass m | in the plane L,
Fey=my - W "N
and, the centrifugal force exerted by the mass m, in the plane M.
Fry =m, - -1

Since the net force acting on the shaft must be equal to zero, therefore the centrifugal force
on the disturbing mass must be equal to the sum of the centrifugal forces on'the balancing masses,
therefore

F-=Fo +F ar m-mz-r=m].m‘1'-rj+mz-m:-r'z
mi-r =iy -8ty S ]
Equation (7) represents the condition for static balance.

3. Balancing of Several Masses Rotating'in the.Same Plane:

Consider any number of masses (say four) of magnitude m;, m,, ms; and my4 at
distances of 1y, 12, r3 and r4 from the axis of the rotating shaft. Let 0;, 6, 05 and 04, be the
angles of these masses with the horizontal line OX, as shown in Fig. 21.4 (a). Let these
masses rotate about an axis through O and perpendicular to the plane of paper, with a
constant angular velocity of o rad/s.

The magnitude and position of the balancing mass may be found out as below:

Fcsa d
Resultant | Fra
Fc = = ¥
Fes = ' el Fca, c
il W P
1T
] o .li'-:__"'-Qi . [=] \ 4 Fro
\
d{@ , x . Resultant
L F{;\'ﬁ -
ra v Fet
i -:.: T b
= T4 O 8
Fea Vi
(@) Space diagram. (b)) Vector diagram.

Fig. 21.4. Balancing of several masses rotating in the same plane.
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The magnitude and direction of the balancing mass may be obtained, analytically, as discussed below:
1. First of all, find out the centrifugal force* (or the product of the mass and its radius of rotation)

exerted by each mass on the rotating shaft.
2. Resolve the centrifugal forces horizontally and vertically and find their sums. ie. TH
and T . We know that

Sum of horizontal components of the centrifugal forces,
EH =m,; -1, co58;, + m, -1, c0508, + ......
and sum of vertical components of the centrifugal forces,
EV=m-rsin® +m,-rpsinb, +......

3. Magnitude of the resultant centrifugal force,

Fr = (ZH ) +(ZF)?
4. It 8 1s the angle, which the resultant force makes with the horizontal, then
tanO@=EV/ZIH
5. The balancing force is then egual to the resultant force, but in eppaosite direction.
6. Now find out the magnitude of the balancing mass, such that
Fo-=m-r
where m = Balancing mass, and
r = Its radius of rotation.

Example 21.1. Four masses m, m, m, and m, are 200 kg, }m kg, 240 kg and 260 kg
respectively. The corresponding radii of rotation are 0.27m, 0.15 m, Q.25 m and 0.3 m respectively
and the angles between successive masses are 45°, 757 and 135°, Find the position apd magnitude
of the balance mass required, if its radius of rotation is .2 m.

Solution. Given : m, = 200 kg ; m, = 3000kg: my, =240 kgyi'm, =260 kg ; r, =02 m:
r,=015m;r,=025m;r,=03m; 0, =07; =458, =457+ 75°=120°; @, =45°+ 75°
+ 135°=255;r=0.2m

Let m = Balancing mass, and

6 = The angle which the'balancing’ mass makes with .

Since the magnitude of centrifugal forces are —=—. 240 kg
proportional to the product of cach mass and its Tadius, 0.15 m
therefore
0.25m§ == 300 kg
my -1y =200x 02 =40 ks-m o5se 120 L=
m, -y =300 20,15 =45 ks-m o e
2 ¥ o2 m
g - ry = 2403 0.25 = 6 kg-m P 6'?-"“ 200 kg
fry -1y = 2602003 =98 kg-m om
The problem may, now. be solved either analytically B
or graphically! But we shall solve the problem by both the
methods one by one. .
. 260 kg
1. Amalyfical methodd ]
Fig. 21.5

The space diagram is shown in Fig. 21.5.
Resolving m .r. m,r,, myar, and m g r, horizontally,

EH =m -rycos0, +m, -r; cOsO, +my -5 cos05 4y, -1y cos,
= 4B cos0®+ 45 cos45° + 60 cos 1 20°%+ TR cos 255°
=40+ 31.8—30—-202 =21.6 kg-m
Now resolving <ertically,
EV =my-rysin@) +my -3 sinBy g -rsin Q5 4y -y sin @y
= 4050+ 45 s5in45° + 60 sin120° + 78 sin255°
=0+31.8+52-75.3=8.5kg-m

s Resultant, R = [(TH) +(EVFy =+/(21.6)> +(8.5)° =232 keem
We know that
m-r=R=232 of m=232/r=232/02=116kg Ans.
and tan @ =EF/EZH =8.5/21.6=0.3935 or g = 21.48°

Since @ is the angle of the resultant R from the horizontal mass of 200 kg. therefore the
angle of the balancing mass from the horizontal mass of 200 kg,

8 = 180° + 21.48° = 201 .48° Ans.
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4. Balancing of Several Masses Rotating in Different Planes:

When several masses revolve in different planes, they may be transferred to a
reference plane (briefly written as R.P.), which may be defined as the plane passing
through a point on the axis of rotation and perpendicular to it. The effect of transferring
a revolving mass (in one plane) to a reference plane is to cause a force of magnitude
equal to the centrifugal force of the revolving mass to act in the reference plane, together
with a couple of magnitude equal to the product of the force and the distance between
the plane of rotation and the reference plane. In order to have a complete balance of the
several revolving masses in different planes, the following two conditions must be
satisfied:

1. The forces in the reference plane must balance, i.e. the resultant force must be
zero.

2. The couples about the reference plane must balance, i.e. the resultant couple must
be zero.

Let us now consider four masses m;, m,, m; and m, revolving in planes 1, 2,3 and
4 respectively as shown in Fig. 21.7 (a). The relative angular positions of these masses
are shown in the end view [Fig. 21.7 (b)]. The magnitude of the balancing masses m;,
and m,, in planes L and M may be obtained as discussed below:

1) Take one of the planes, say L as the reference plane (R.P.). The distances of all the
other planes to the left of the reference plane may be regarded as negative, and those
to the right as positive.

2) Tabulate the data as shown in Table 21.1. The planes are tabulated in the same order
in which they occur, reading from left to right.

Table 211
Plame Maxs fm) Radites{r) Cent. force + m: Distance from Couple 5 {._-.:

frrr.r) Plane L (1) (. rid)
1) 2) (3 (£ (5} (6)
1 oy ry iy —y e

L{R.P.) my n my Ty 0 0
2 5 s iy .y I M.y ds
3 msy ry iy Ty Iy T
M iy, Fug LI ha R N
4 nt, Ty Mg ry iy P
— e R.E: - VB
1 |_ z 300 4 "
ma
3 m maz
TP,
[ my
== T m
e T o By
- |"1 - fe—h- = 'r.l_
-— .l'.3 —_—
e O i my Ty
Y
4

(a) Position of planes of the masses.
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‘EH 23 ﬂ
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d"*

(c) Couple vector {d) Couple vectors tumned (&) Couple polygon. () Force polygon:

counter clockwise through
a right angle.

Fig. 21.7. Balancing of several masses rotating in different planes:

3) A couple may be represented by a vector drawn perpendicular to the plane of the
couple. The couple C; introduced by transferring m; to the reference plane through O
is proportional to m,.r;./; and acts in a plane through Om; and perpendicular to the
paper. The vector representing this couple is drawn in the plane of the paper and
perpendicular to Om; as shown by OC; in Fig. 21.7 (c). Similarly, the vectors OC>,
OC; and OCy are drawn perpendicular to Om,, Om; and Omy respectively and in the
plane of the paper.

4) The couple vectors as discussed above, are turned counter.clockwise through a right
angle for convenience of drawing as shown in Fig. 21.7 (d). We see that their relative
position remains unaffected. Now the vectors OC,, OC; and OC} are parallel and in
the same direction as Om,, Omz and Om,, while the vector OC; is parallel to Om; but
in *opposite direction. Hence the couple vectors are drawn radially outwards for the
masses on one side of the reference plane‘and radially inward for the masses on the
other side of the reference plane.

5) Now draw the couple polygon as shown in Fig. 21.7 (e). The vector d'o’ represents
the balanced couple. Since the balanced couple Cj, is proportional to ma.ras.lu,
therefore

vectord o
g =My -y -hy=vector do” or Mu= D
: ™M M

From this expression, the value of the balancing mass my, in the plane M may be

obtained, and the angle of inclination ¢ of this mass may be measured from Fig. 21.7
(b).

6) Now draw the force polygon as shown in Fig. 21.7 (f). The vector eo (in the direction
from e to o) represents the balanced force. Since the balanced force is proportional to
m 1.ry, therefore,

vector eo

mg-r =vectores or M. =T —
L

From this expression, the value of the balancing mass m; in the plane L may be

obtained and the angle of inclination a of this mass with the horizontal may be measured

from Fig. 21.7 (b).
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Balancing of Reciprocating Parts

The resultant of all the forces acting on the body of the engine due to inertia forces
only is known as unbalanced force or shaking force. Consider a horizontal reciprocating
engine mechanism as shown in Fig. 22.1.

{:‘-J—_‘-‘-"\.
# i
Fu ! o "
i
FIPLETETES ! FEI 4 ¥ FE'\.' i
P [ |
m F_ ________ LF *:; e
FI s L VEd =i |,'
h o
- X B - ¢

Fig. 22.1. Reciprocating engine mechanism,
Let Fr=Force required to accelerate the reciprocating parts,

F; = Inertia force due to reciprocating parts,

Fx = Force on the sides of the cylinder walls or normal force acting on the

cross-head guides, and

Fg = Force acting on the crankshaft bearing or main bearing.

Since Fr and F; are equal in magnitude but opposite in-direction, therefore they
balance each other. The horizontal component of £ (i.e: Fzy) acting along the line of
reciprocation is also equal and opposite to £7. This force Fzy = Fyis anunbalanced force
or shaking force and required to be properly balanced.

The force on the sides of the cylinder walls (Fy) and the vertical component of Fi
(i.e. Fpy) are equal and opposite and thus form a shaking couple of magnitude Fy X x or
Fpy < x.

Thus the purpose of balancing the reciprocating masses is to eliminate the shaking
force and a shaking couple. In most of the mechanisms, we can reduce the shaking force
and a shaking couple by adding appropriate balancing mass, but it is usually not practical
to eliminate them completely. In other words, the reciprocating masses are only partially
balanced.

Note: The masses rotating with the crankshaft are normally balanced and they do not
transmit any unbalanced or shaking force on the body of the engine.
Primary and Secondary Unbalanced Forces of Reciprocating Masses
Consider a reciprocating engine mechanism as shown in Fig. 22.1.
Let m = Mass of the reciprocating parts,
[ = Length of the connecting rod PC,
r = Radius of the crank OC,
0 = Angle of inclination of the crank with the line of stroke PO,
o = Angular speed of the crank,
n = Ratio of length of the connecting rod to the crank radius =1//r.
We have the acceleration of the reciprocating parts is approximately given by the
expression.
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2 cos 20
dp =¥ -r] cosO+
n

=~ Inertia force due to reciprocating parts or force required to accelerate the reciprocating
parts,

f"_l = FR = Mass * acceleration = ’”'U-': 'r[CGSB+ Cﬂiza ]
We have the horizontal component of the force exerted on the crank shaft bearing (i.e.
Fr) is equal and opposite to inertia force (7). This force is an unbalanced one and is
denoted by Fu.

-~ Unbalanced force,

cos2b cos20

= 3 3 .
Fu=m-a -.r'[ cos B+ J= M -rcost+m- o e

n " P 5

The expression (m-w -rcosB) 1s known as primary wnbalanced force and

cos 20

[J’” @y -rx ]is called secondary unbalanced force.

Notes: /. The primary unbalanced force is maximum, when 6 =0° or 180°. Thus, the
primary force is maximum twice in one revolution of the crank. The maximum primary
unbalanced force is given by,

Fp(max) =M - W - r
2. The secondary unbalanced force is maximum, when 6 =0°, 90°, 180° and 360°. Thus,
the secondary force is maximum four times in one revolution of the crank. The

maximum secondary unbalanced force is given by;
.. r
=mn X—
n
3. From above we see that secondary unbalanced force is 1/n times the maximum

primary unbalanced force.

-filmn:r'l

4. In case of moderate speeds, the secondary unbalanced force is so small that it may be
neglected as compared to primary unbalanced force.

5. The unbalanced force due to reciprocating masses varies in magnitude but constant in
direction while due to the revolving masses; the unbalanced force is constant in
magnitude but varies in direction.

Principles of Balancing of Reciprocating Parts

For complete balancing of the reciprocating parts, the following condition must
be fulfilled:

a) Primary forces must balance, i.e. primary force polygon is enclosed.

b) Primary couples must balance, i.e. primary couple polygon is enclosed.

¢) Secondary forces must balance, i.e. secondary forces polygon is enclosed.
d) Secondary couples must balance, i.e. secondary couple polygon is enclosed.

Usually, it is not possible to satisfy all the above conditions fully for a multi-
cylinder engine. Mostly some unbalanced force or couple would exist in the
reciprocating engines.
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Difference between static and dynamic balancing

Static balancing

Dynamic balancing

It would refer to balancing in a single
plane

It would refer to balancing in more than
one plane

It is also known as primary balancing.
It s a balance force due to action of

It 1 also known as secondary

balancing. It s a balance due to action

gravity. of inertia forces.
Rotation of fly wheels, grinding wheels, | Rotation of shaft of turbo-generator s a
car wheels are ftreated as static | case of dynamic balancing problems

balancing problems as most of ther
masses concentrated in or very near one
plane.

Static balance occurs when the centre
of gravity of an object s on the axis of
rotation

A rotating system of mass is i dynamic
balance when
produce any resultant ¢entripetal force
of coupk. Here the mass axis is

the rotation doesn’t

coincidental with the rotational axis.
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Chapter-06: Vibration of Machine Parts
Vibration

e When elastic bodies such as a spring, a beam and a shaft are displaced from the
equilibrium position by the application of external forces, and then released, they
execute a vibratory motion.

e This is due to the reason that, when a body is displaced, the internal forces in the form
of elastic or strain energy are present in the body. At release, these forces bring the
body to its original position.

e When the body reaches the equilibrium position, the whole of the elastic or strain
energy is converted into kinetic energy due to which the body continues to move in
the opposite direction.

e The whole of the kinetic energy is again converted into strain energy due to which the
body again returns to the equilibrium position. In this way, the vibratory motion is
repeated indefinitely.

Related Terms

a) Time Period or Period of Vibration: It is the time interval after which the motion is
repeated itself and is usually expressed in seconds.

b) Cycle: 1t is the motion completed during one time period.

¢) Amplitude: 1t is defined as its maximum displacement of a vibrating body from its
equilibrium position.

d) Frequency: It is the number of cycles described in one second. In S.I. units, the
frequency is expressed in hertz (briefly written as Hz) which is equal to one cycle per
second.

Classification of Vibratory Motion

a) Free or Natural Vibrations: When no external force acts on the body, after giving it
an initial displacement, then the body is said to be under free or natural vibrations.
The frequency of the free vibrations is called free or natural frequency.

b) Forced Vibrations: When the body vibrates under the influence of external force,
then the body is said to be under forced vibrations. The external force applied to the
body is a periodic disturbing force created by unbalance. The vibrations have the same
frequency as the applied force.

Note: When the frequency of the external force is same as that of the natural
vibrations, resonance takes place.

¢) Damped Vibrations: When there is a reduction in amplitude over every cycle of
vibration, the motion is said to be damped vibration. This is due to the fact that a
certain amount of energy possessed by the vibrating system is always dissipated in
overcoming frictional resistances to the motion.
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Types of Free Vibrations
Consider a weightless constraint (spring or shaft) whose one end is fixed and the other
end carrying a heavy disc, as shown in Fig. 23.1.

a) Longitudinal Vibrations: When the particles of the shaft or disc moves parallel to the
axis of the shaft, as shown in Fig. 23.1 (a), then the vibrations are known as
longitudinal vibrations. In this case, the shaft is elongated and shortened alternately
and thus the tensile and compressive stresses are induced alternately in the shaft.

-~
Pl

Pl
I

i | Shaft

1
i
1
1
1
|

|

|

|

|

|

|

-\ C |

s T ad

AN

B = Mean position ; 4 and ¢ = Extreme positions.
{a) Longitudmal vibrations. (&) Transverse vibrabions, (o) Torsional vibrations.,
Fig. 23.1. Types of fre¢Aibrations.

b) Transverse Vibrations: When the particles of the shaft or disc move approximately
perpendicular to the axis of the shaft, as shown in Fig. 23.1(b), then the vibrations
are known as transverse vibrations. In‘this case, the shaft is straight and bent
alternately and bending stresses are induced in the shaft.

¢) Transverse Vibrations: When the particles of the shaft or disc move in a circle about

the axis of the shaft, as shown in Fig. 23.1 (¢), then the vibrations are known as
torsional vibrations. In this case, the shaft is twisted and untwisted alternately and the
torsional shear stresses are induced in the shaft.
Note: Consider if the limit of proportionality (i.e. stress proportional to strain) is not
exceeded in the three types of vibrations, then the restoring force in longitudinal and
transverse vibrations or the restoring couple in torsional vibrations which is exerted
on the disc by the shaft (due to the stiffness of the shaft) is directly proportional to the
displacement of the disc from its equilibrium or mean position. Hence it follows that
the acceleration towards the equilibrium position is directly proportional to the
displacement from that position and the vibration is, therefore, simple harmonic.

Natural Frequency of Free Longitudinal Vibrations:

Consider a constraint (i.e. spring) of negligible mass in an unstrained position, as shown
in Fig. 23.2 (a).

Let s = Stiffness of the constraint. It is the force required to produce unit
displacement in the direction of vibration. It is usually expressed in N/m,
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m = Mass of the body suspended from the constraint in kg,
W = Weight of the body in newtons = m.g,
d = Static deflection of the spring in metres due to weight W newtons,

and x = Displacement given to the body by the external force, in metres.
(&) (b) (€)
o .-'"-".."I.,-c'.-".-" .f’.r'r’_.-r:-c'_-:'..-'
= 3
e 'L < W=s.0
Unstrained & 5 <
position _T_—E s+ —-—F+
X
W=mg 1 =
W
d'x
i -
dt”

Fig. 23.2. Natural frequency of free longstudinal vibrations.
In the equilibrium position, as shown in Fig. 23.2 (b), the gravitational pull W =
m.g, is balanced by a force of spring, such that W = s.4.

Since the mass is now displaced from its equilibrium position by a distance x, as
shown in Fig. 23.2 (¢), and is then released, therefore after time t,

Restoring force =W =s5(8+x)=W=s58=5.x
= 5.0=5.0—8 ¥ =—51 . (W =58) R | '
. . . | Taking upward force as negative)
and Accelerating force = Mass x Agceleration
dx
=m xd_1 . o/« (Taking downward force as positive) . . . (#f)
)2

Equating equationg{#) and (i), the equation of motion of the body of mass m after time  is

5 ] -

d-x

mx ==X gr mMX—+s5x=0
3 2
di~ di”

d°x =
—+—xx=10 . . . (i)
di=~ m

We know that the fundamental equation of simple harmonic motion is

w .x=10 — fl,'-,'.}
Comparing equations (iif) and (iv), we have
5

0= i
m

2n m
Time period, ty =—=21’t1’—
k] £
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and natural frequency, f, =L=LF=LE ivs (o mg=348)
I 2x {m n
P

Taking the value of g as 9.81 m/s” and 8 in metres,

;oL [PBT_ 04985
" Y B o

Note : The value of static deflection § may be found out from the given conditions of the problem. For
longitudinal vibrations, it may be obtained by the relation,

Stress W | Wi
= F —w—=F b=
Strain 478 or EA
where 8 = Static deflection ie. extension or compression of the constraint,

W = Load attached to the free end of consfraint,
! = Length of the constraint,
E = Young's modulus for the constraint, and

A = Cross-sectional area of the constramiC

Natural Frequency of Free Transverse Vibrations:

Consider a shaft of negligible mass, whose one o3 —
end is fixed and the other end carries a body of weight %_—_T..;_:.::..:.:.': o Wi
W, as shown in Fig. 23.3. ' . Mean position 5, _ _I_'ﬁ
Let s = Stiffness of shaft, L Ex I‘T
& = Static deflection dué to B SHGT _lrf___"]_ R’
weight of the body, time ¢ Bsaa
x =Displacement of body from !
mean position after time 7. mdx
m = Mass of bady = W/g of

Fig. 23.3. Natural frequency of free

As discussed in the previous article, .

Restoring force, «=— s.x .. (i)
2x

and accelerating force e - .. . (i)
di~

Equating equations (f) and (ii), the equation of motion becomes

T

2 X
M¥ —~— ==§.X or mx—-—+sx=0
dr~ dt”

d’x s .
—t—xx=0 ... (Same as before )

di* m
Hence, the time period and the natural frequency of the transverse vibrations are same as

that of longitudinal vibrations. Therefore

Time period, ty = EIEJE
s
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and natural uency,
= e

Note : The shape of the curve, into which the vibrating shaft deflects, is identical with the static deflection
curve of a cantilever beam loaded at the end. 1t has been proved in the text book on Strength of Matenials,
that the static deflection of a cantilever beam loaded at the free end is

Wt
= (in metres)
El

where W = Load at the free end, in newtons,
I = Length of the shaft or beam in metres,
E = Young's modulus for the material of the shaft or béam in
N/m?, and
I = Moment of inertia of the shaft or beam in'm".

Example 23.1. A cantilever shaft 50 mm diameter and 300 mm fang has a dise of mass
100) kg at its free end. The Young's modulus for the shafi material is 208 Eanr Determine the
[frequency of longitudinal and transverse vibrations of the shaff.

Solution. Given : d = 50 mm = 0.05 m ; ['= 300 mm'= 0.03 m :m= 100 kg ;
E =200 GN/m” = 200 x10° N/m"

We know that cross-sectional area of the shaft
m Mo N
A= Exdz = E[ﬂ.’ﬂi)z =1.96xX10" m’
and moment of inertia of the shaft,

1= Lxate™ 95y =03x105m*
64 64
Fregquency of longitudinal vibratfion

We know that static defleshon of the shafti.

W _ I[H]K_‘.E;.Slxﬂj " _0.751x10~° m
AE _71.96x107° x200x10
(= W=mg)
». Frequency of longitudinal vibration,
0.4985  0.4985 _ 575 Hz Ans.

.IFH = =
N

Fregquency of transverse vibration

We know that static deflection of the shaft,

3 . 3
L T
3E]  3x%200x10° x0.3x10

Frequency of transverse vibration,

[ 04985 04985 T,
=41 Ans.
V& Jo147x10”
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Natural Frequency of Free Torsional Vibrations:

Consider a shaft of negligible mass whose one end is fixed and the other end carrying a
disc as shown in Fig. 24.1.

Let 0 = Angular displacement of the shaft from mean position after time t in
radians,
m = Mass of disc in kg,
I = Mass moment of inertia of disc in kg-m? = m.k?,
k = Radius of gyration in metres,
q = Torsional stiffness of the shaft in N-m.

Restoring force = g8 o ] LS f/a-{{-’f LS
|
and accelerating force = [ d_? e (1) !
dr = . !
Equating equations (f) and (&), the equation of p—
motion is ! D &
1
d2e | 'h
IxX——=-—q.8 — =+ — % |- — Mean position
dt— >
1
> Fosition after
or ng+ g8 = ; time (t}
dt=
- Fig\24.1. Natural frequency of
d- 8 o i:n: 8—0 Gid) free torsional vibrations.
w a‘;—_" I
The fundamental equation of the simple harmonie motian is
d—__i‘a+{|]2_x=[l )
dir™
Comparing equations (i) and (iv),
= i
I
. . 2T
Time period. I —(FEn ||i
w o
. . 1 1 o
and natural frequency . Jo=—==440=
' 2 N T

Mote : This picture is given as additional information and is not a direct example of the current chapter.

A modern lathe can create an artificial hip joint from information fed into it by a computer. Accurate
drawings of the joint are first made on a computer and the information about the dimensions fed is
directly into the lathe.
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Note :  The value of the torsional stiffness g may be obtained from the torsion equation,

£—£1H or E—E

J 1 o |/

o 50 i T

q= / S
where ¢ = Modulus of ngidity for the shaft matenal,

J = Polar moment of mertia of the shafl cross-section,
T 4
= Ed - d is the diameter of the shaft, and
! = Length of the shaft.

Example 24.1. 4 shaft of 100 mm diameter and | metre long has qﬂé of its end fixed and
the other end carries a disc of mass 500 kg at a radius of gyration of 450 mm. The modulus of
rigidity for the shaft material is 80 GN/m”. Determine the frequency of torsional vibrations.

Solution. Given : d= 100 mm=0.1m:/=1m: m-S{]ﬂkg k= ﬁﬂmm 0.45 m;
C =80 GN/m” = 80 x 10’ N/m’

We know that polar moment of inertia of the shaft,
ST —r_n.u“ =9.82% 107 m*
32 32
Torsional stiffness of the shaft,

CJ _80x16° x9:82%107°
o 1
We know that mass moment of inertia of the shaft.

=785.6%10° Num

q:

I = mk™<500(0/45)" =101.25 kg-m’

Frequency of torsional. vibrations;

h !Tﬂﬁﬁxlﬂ 331 —
i ’?1: 1 Irt 101.25 - >

Example 24.204 flvwheel is mounted on a vertical shﬂﬁ as shown in Fig 24.2. The both
ends of a shaft are ﬁtwe}';" and its diameter is 50 mm. The flvwheel has a mass of 500 kg and its

radius of gyration 15 0.5 m. Find the natural frequency of torsional vibrations, if the modulus of
rigi idity for the shaft material is 80 GN/m’.

Solution. Given : d= 50 mm =005 m ;: m = 500 kg ; k = 0.5m; G = 80 GN/m”
= 84 x 10° N/m?

We know that polar moment of inertia of the shaft, Ll

4 4 4 T | T
J= Exd {ﬂ.ﬂﬁ] m i ' 0om
=E.6xfl}"5m4 * | |
Torsional stiffness of the shatt for length J'i, s ; |
7 0.6 m
J 84x10° x0.6x107°
q = ] Bl 0.0x Xt
I 0.9
=56 % 10° N-m Fig 24.2
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Similarly torsional stitffness of the shaft for length -'3,

_CJ 84x10” x0.6x107°
:2 0.6

g2 = B4 > 10° N-m

Total torsional stiffness of the shaft,
g =gy +g; =56x107 +84x10° =140x10° N-m
We know that mass moment of inertia of the flywheel,
I = mk® =500(0.5)% =125 kg-m?

MNatural frequency of torsional vibration,

1 1 |'|4n 107 33.5
o = 4 s 'x_ — = 5.32 Hz Ans.
2e\Nf  2m 125 2

Causes of Vibration.

Some of the important causes of vibration in machines are listed below:
1) Unbalanced reciprocating machine parts.
2) Unbalanced rotating machine parts.
3) Incorrect alignment of the transmission elements such as coupling etc.
4)  Use of simple spur gears for power transmission.
5)  Worn-out teeth of the gears of the power transmission.
6) Impact of working fluids of prime movers.
7)  Loose transmission belts and chains.
8) Loose fastenings of the moving parts.
9)  Vibration waves from other sources and machines installed nearly, due to improper
isolations of vibrations from them.
10) Due to more material contact such as bases plates on the foundations for the
pedestal bearings.
11) Non-rigid machine foundations ‘due to lack of compact soil below, causing
settlement of machine components.
Remedies of Vibration
Although it is impossible to“eliminate the vibrations, yet these can be reduced by
adopting various remedies, some of the remedies are listed below:
1) Partial balancing of reciprocating masses.
2) Balancing of unbalanced rotating masses.
3) Using helical gears instead of spur gases.
4) Proper tightening and locking of fastening and periodically ensuring it again.
5) Correcting the misalignment of rotating components and checking it from time to
time.
6) Timely replacement of worn-out moving parts, slides and bearings with excessive
clearance.
7) Isolating vibrations from other machines and sources by providing vibration
insulation pads in the machine foundations.
8) Making machine foundations on compact ground and making them sufficiently
strong, so that they do not yield or settle under the load of the machine.

[ —1
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